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COMBINATORIAL OPTIMIZATION UNDER UNCERTAINTY AND FORMAL MODELS OF EXPERT
ESTIMATION

Previously, the author formalized the concepts of uncertainty, compromise solution, compromise criteria and conditions for a quite general class of
combinatorial optimization problems. The functional of the class’ problems contains linear convolution of weights and arbitrary numerical characteristics
of a feasible solution. It was shown that the efficiency of the presented algorithms for the uncertainty resolution is largely determined by the efficiency
of solving the combinatorial optimization problem in a deterministic formulation. A part of the formulated compromise criteria and conditions uses
expert weights. Previously, the author and his disciples also formulated combinatorial optimization models, optimality criteria, criteria for decisions’
consistency. The models allow to evaluate and justify the degree of stability and reliability of the estimated values of empirical coefficients using a
formally ill-conditioned empirical pairwise comparison matrix of arbitrary dimension. The matrix may contain zero elements. The theoretical research
and statistical experiments allowed to choose the most efficient of these optimization models. In this article, on the base of earlier results by the author
and his disciples, we formalize and substantiate the efficiency of the proposed sequential procedure for expert estimation of weights that determine
compromise criteria and conditions. The procedure is an integral part of the algorithm introduced by the author to solve combinatorial optimization
problems under uncertainty of the mentioned class. We give unified algorithm for efficient uncertainty resolution that includes original and efficient
formal procedure for expert coefficients” estimation using empirical matrices of pairwise comparisons.

Keywords: combinatorial optimization, uncertainty, compromise criteria, compromise conditions, empirical matrix of pairwise comparisons,
consistent decision.

O. A. IIABJIOB

KOMBIHATOPHA OIITUMIBAIISA B YMOBAX HEBU3HAYEHOCTI TA @OPMAJIBHI MOJEJIT
EKCHEPTHOI'O OIIITHIOBAHHS

Pamnime aBTOpOM IS IOCUTH 3arajlbHOTO KJlacy 3ajay KOMOiHaTOpHOT onTuMizalii, GyHKI[IOHAT SIKMX MICTUTbH JiHIHHY 3rOPTKY Bar i JOBUIBHUX YHC-
JIOBUX XapaKTEPUCTUK JOIMYCTUMOTO PO3B’s3Ky, Oyim opmaizoBaHi OHSTTS HEBH3HAYEHOCTI, KOMIIPOMICHOTO PO3B’s3KYy, KOMIIPOMiCHIX KPHUTEpiiB
Ta ymMoB. Byno mokasano, mo e(peKTHBHICTh HaBEJIEHWX AITOPUTMIB PO3B’A3aHHA HEBU3HAYEHOCTI B 3HAUHIM Mipi BH3HAYaeThCs €(PEKTHUBHICTIO
PO3B’sA3aHHA 33/1a4i KOMOiHaTOpHOI oNTUMIi3amii B JeTepMiHOBaHil nocTaHoBIi. YacTuHa chopMyIbOBaHUX KOMIPOMICHUX KPUTEPiiB i yMOB BUKOPU-
CTOBYE €KCIIepTHI Baroi KoedimienTn. Paninre Takox aBTOpoM i iforo yunamu Oynm copMyTboBaHI Mozei KOMOIHaTOPHOI onTHMI3alii, kpuTepii
ONTUMAJIBHOCTI, KPUTEPIi y3rO/PKEHOCTI pillleHb, 10 JI03BOJISAIOTE 32 ()OPMAIBEHO MOTAHO Y3rO/KEHOK EMITipUYHOI MAaTPHIICI0 MAapHUX MOPIBHIHB
JIOBUIBHOT PO3MIPHOCTI, KA, MOXKJIMBO, MICTUTh HYJIBOBI €JIEMEHTH, 3HaXOJIUTU Ta OOIPYHTOBYBATH CTYIiHb CTIHKOCTI Ta JIOCTOBIPHOCTI 3HANHJECHUX
3Ha4YeHb eMITipnIHNX KoedimienTis. [IpoBeneHi TeopeTHIHI JOCHIKEHHSI Ta CTATHCTUYHI €KCIIePHMEHTH JO3BOJIMIIM BUIUTUTH 3 IIUX MOJEIeil ONTH-
Mi3anii HalOLTBII eeKTHBHI. Y JTaHii CTAaTTI HA OCHOBI OTPHMAaHMX paHIIIe aBTOPOM 1 HOTO YYHSIMH pe3yibTaTiB (JOpMaiizoBaHO i OOIPYHTOBAHO
e(eKTUBHICTh 3aMPOIIOHOBAHOT MOCIIIOBHOI MPOLIEyPH 3HAXO/PKEHHS €KCIIEPTHUX BaroBUX KOe(IIi€HTIB, 1110 BA3HAYAIOTh KOMIIPOMICHI KpUTEpii Ta
YMOBH, SIK CKJIa/I0BOI YaCTHHM aIrOPUTMY PO3B’3aHHS JUIS BBEJICHOTO aBTOPOM KJIacy 3aJad KOMOiHaTOpHOI ONTHMI3allii B yMOBaX HEBH3HAYEHOCTI.
HaBonuthest enuHuil anropnT™ e)eKTHBHOTO PO3B’SI3aHHS HEBH3HAYEHOCTI, KMl BKIIOYA€e B ceOe OpUTiHAIBHY e(EeKTHBHY (hOpMaibHY TPOIEAYPY
3HAXO/KEHHS eKCIEPTHUX KOEe(DIIEHTIB 32 eMIIPUYHUMU MATPHUIIIMH TTAPHUX MTOPIBHSHb.

Kurouosi c1oBa: koMOiHaTOpHA ONTUMI3allis, HEBU3HAYEHICTh, KOMIIPOMICHI KpHTEpii, KOMIIPOMICHI YMOBH, €MITipUYHA MAaTPHI MAapHUX T10-
PIBHSIHB, y3TOJDKEHE PillICHHS.

A.A. IIABJIOB

KOMBHUHATOPHASA OITUMU3ALUA B YCIIOBUAX HEOINMPEAEJEHHOCTHU 1 ®OPMAJIBHBIE
MOJAEJIM DKCIHHEPTHOT'O OIEHUBAHUS

Panee aBTOpOM [T IOCTATOYHO OOIIEro KJracca 3aj1a4 KOMOMHATOPHON ONTUMH3AINH, (DYHKIIMOHAT KOTOPHIX COJCPKHUT JIMHEHHYIO CBEPTKY BECOB U
MIPOU3BOIBHBIX YHUCIOBLIX XapaKTEPUCTHK JOMYCTUMOTO peHIeHus, ObUTH (HOPMATN30BAHBI HOHATUS HEONPEAENCHHOCTH, KOMIPOMHICCHOTO PELICHNUS,
KOMITPOMHUCCHBIX KPUTEPUEB M YyCIOBHil. BpuT0 TOKa3aHo, 4TO 3(()EKTHBHOCTH NPUBEACHHBIX AITOPUTMOB Pa3pelICHHs HEONPEIEICHHOCTH B
3HAYNTEIBLHON CTeNeH: onpeensercs 3pQeKTHBHOCTBIO PEIICHHS 33a4n KOMOMHATOPHOH ONTHMHU3AINK B IETEPMUHUPOBAHHOH MocTaHoBKe. YacTh
c(hopMyIUPOBAHHBIX KOMIIPOMHCCHBIX KPHTEPHEB M YCIOBHH HCIIONB3YeT JKCIEpPTHHIE BecoBble Kod(GHIMeHTs. PaHee Taxske aBTOpOM H €ro
Y4eHHKaMH ObLIM C(OPMYIMPOBAHBI MOJEIN KOMOMHATOPHOW ONTHMHU3AIUM, KPUTEPUH ONTHMAIBHOCTH, KPUTEPUH COITIACOBAHHOCTH PEIICHHUH,
MO3BOJIAIONMINE 1O (POPMATBHO IUIOXO COITTACOBAHHOM 3MITMPUYECKON MaTpHIE MAapHBIX CPaBHEHMH IPOM3BOIBHOW Pa3sMEPHOCTH, BO3MOXHO,
cofep)Kalieil HyJIeBble JJIEMEHTHI, HAXOOHTb M OOOCHOBBIBATH CTEIEHb YCTOWYMBOCTH, MOCTOBEPHOCTH HAWAEHHBIX 3HAYCHUH HSMIHPUYCCKUX
kod(punnentos. IlpoBeficHHbIE TEOPETUUECKHE MHCCICIOBAHUSA M CTATHCTUYECKUE SKCIIEPUMEHTHI MO3BOJWIM BBUICIHTH M3 3THX MOJEICH
onTuMu3anuu Hanbonee 3¢ dexTrBHbIC. B 1aHHON cTaThe Ha OCHOBE MOJIYYCHHBIX pPaHEEe aBTOPOM M €ro YYCHHKaMH Pe3yJbTaToB (hopMaan3oBaHa U
obocHoBaHa (GPEKTHBHOCT TPETIOKECHHON MOCIEI0BATEILHON MPOLETYPhl HAX0XKACHHS IKCIIEPTHBIX BECOBBIX KOI(POHUIMEHTOB, OMPEACTAIONIIX

© A. A. Pavlov, 2019

Bicnux Hayionanvnoco mexuiunozo ynisepcumemy «XIIy. Cepis: Cucmemnuii
auaniz, ynpaeninua ma ingpopmayiuni mexnonozii, Ne 1°2019 3



ISSN 2079-0023 (print), ISSN 2410-2857 (online)

KOMIPOMHCCHBIC KPUTCPUHM M YCJIOBHs, KaK COCTABHOW YacTH ajJrOpUTMa PEIICHMs Ul BBEIACHHOIO aBTOPOM Kiacca 3alad KOMOMHATOPHOM
ONTHMH3ALMH B YCIOBHSX HEOPEAEIeHHOCTH. [IPUBOAUTCS €tMHBIii anroput™ 3GGeKTHBHOTO pa3pelleHus HEOPEAETICHHOCTH, KOTOPBIH BKIIOYaeT B
ce0sl OpUrHHANBHYIO d(DPEKTUBHYIO (HOPMANBHYIO MPOLEAYPY HAXOXKICHHS DKCIEPTHBIX KOA(M(OHUIMEHTOB MO SMIUPHYSCKHM MATPULIAM HapHBIX

CpaBHEHUH.

KiroueBble ciioBa: KOM6I/IHaTOpHaﬂ onTuMusanus, HeONpeACICHHOCTb, KOMIIPOMUCCHBIE KPUTEPUHN, KOMIIPOMUCCHBIE YCIIOBUS, SDMITUPUICCKAsA

MaTpHIa HaPHBIX CPABHEHMUH, COTTIACOBAHHOE PEIICHHE.

Introduction. We studied in [1] a class of combina-
torial optimization problems of the following form:

min(max) Yi_; w;k;(0) . 1)
oeQ)

Here, w; are numbers, Q the set of feasible solutions;
o an arbitrary feasible solution, k;(o) is i-th arbitrary
numerical characteristic of 6. We recommended in [1] to
use the proposed approach to solve problems of the form
(1) under uncertainty only for the following case: for the
problems of the form (1) there exists an exact (or ap-
proximation) algorithm which is qualitatively more ef-
ficient in terms of speed and/or accuracy than an arbitrary
solving method for the problem (1) in which the structure
of the feasible solutions domain differs from Q of (1), e.g.,
in additional constraints on inequalities. For a problem of
the form (1), solution of which uses expert coefficients, we
formulated in [1] the combinatorial optimization problem
statement under uncertainty as follows.

There are L sets of weights {w!,i =Ts}, | =T,L.
Here, a,b denotes the interval of integer numbers from a
to b. Each of the sets may be a set of coefficients w,, ...,y
of the problem (1) at the stage of implementation of its solu-
tion. Probabilities P, >0, =1L, Y,;P, =1, may be
specified for each possible set of weights (such probabili-
ties do not exist if the uncertainty is not described by a pro-
babilistic model). We need to find a feasible solution satis-
fying one of the conditions given below.

Here we investigate the problem (1) for the case of
r(?eig? Y wik;(c). We consider the case of

max Yi=1 w;k; (o) in [1]. Let us introduce the notation:
OE,
fope = min X3, wik;(o) ,
{0/} = argmin ¥_; wik;(0),

Ll = Z£n=1(2f=1 m:nki(o-l) - forlralt) J= H

m#l

Remark 1. If {o;} consists of more than one solution,
then we leave the one on which we achieve r{m}n L; and de-
(o]

note this solution as o;. We consider in [1] obtaining o, for
the case when Q is finite.
Suppose that

A =¥, (,ofki(c) _folpt =0,

fop = min i wiki(0) )

We need to find:
1) afeasible solution o(4,, ...,A;) that has

Al' < liai = H (3)

where [; are given numbers;
2) afeasible solution that satisfies the condition:

min i, a, (X wiki(0) = fop) (4)

where Va; > 0 are the coefficients specified by an expert.

Remark 2. For the general case, we formulated in [1]
five compromise criteria and conditions for L = 2 and four
compromise criteria and conditions for L > 2.

Remark 3. We formulated similar criteria, conditions,
and algorithms for the case of the problem (1) when we
reach the optimal functional value at max.

The compromise solutions proposed in [1] are based
on the following statement and its corollaries.

Statement 1 [1]. The following is true for arbitrary
a > 0,l= 1_,L:

arg 22{1 P [ 5oy 0ik;(0) — folpt]
—argmin (T aod) k@), )

Corollary 1. Solving the problem mis[LlZ{;l a; X
O€

X (¥5-; wik;(0) — fiy:) reduces to solving one problem
of the form (1):

rgleigrzl Zf=1(2%=1 ale k;(o). (6)

Corollary 2. Suppose that o(a,, ...,a;,A;, ...,AL) #
0, V..V
oL; do(a;,az, .. ,aj—1,a" i, Qigq, e rap, Aq, A #
0,V ..Vo.,a'; # a;. Then the following holds:

(@i —a)('; —4) <0,
@; = M)[(Ay + -+ a4 +
+ai 18 yq +oo+ady) — (@A + 0+

+ai 181 + Aj1 B4 + -+ ap8)] <0 (7

where o(ay, ...,a;,44, ...,A;) is an optimal solution of the
problem (6) with given expert coefficients a; > 0,i = 1,L.
A;(A'),i =1,L are specified in (2) for sets ay,...,a;;
Ay, e sOi_1,A 1,041, - Az, FESPECtively.

It is shown in [1] that if o(1,..,1,A,,..,A;) #
+ }nzl%{o'j}, then, by virtue of Corollary 2 (by logic of the

inequalities (7)), we can organize a sequential procedure for
solving a problem of the form (6), increasing Va; at each
iteration if A; > I; or decreasing Va; if A; <1[; (here,
o(A4, ...,A) is the current solution). As a result, we either
find asolution o (4, ...,A;) that satisfies the condition A; <
l;,i = 1,L or obtain a set of solutions {c}!, each of which
violates the compromise condition (1). In [1], we proposed
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to choose the solution from the set {o, ...,6,} UU {c}! as
the compromise solution if it reaches

min Zt C]t(Ajt — ljt)a VtA]t > ljt! (8)
where C; > 0,j = 1,L are expert coefficients.

Thus, the efficiency of a compromise solution that
meets the compromise condition 1) or the compromise cri-
terion 2) essentially depends on the relevance of expert
coefficients a; > 0,C; > 0,j = 1,L, used in optimization
models, to the essence of the practical problem, the formal
model of which is the combinatorial optimization problem
under uncertainty.

Formal models for expert coefficients’ estimation
by an empirical matrix of pairwise comparisons. The
author and his disciples formulated in [2—4] combinatorial
optimization models, optimality criteria, criteria for deci-
sions’ consistency. The models allow to evaluate and jus-
tify the degree of stability and reliability of the estimated
values of empirical coefficients using a formally ill-con-
ditioned empirical pairwise comparison matrix of arbitrary
dimension. The matrix may contain zero elements. Theo-
retical research and statistical experiments [2-4] allow to
use the following formal procedures to estimate the empi-
rical coefficients a; > 0,C; > 0,j = 1,L.

1. The initial data is an empirical matrix I’ (for estima-
tion of weights a; > 0,j = 1,L, or ¢; > 0,j = 1,L). In ge-
neral case, we denote weights by w; > 0,j = 1,L. y;; is
(ij)-th coefficient of the matrix T. It determines, according
to the expert, how many times the value of w; is greater
than the value of w;.

To construct and substantiate optimization criteria and
models for estimation of weights w;,i = 1,L, by an empi-
rical matrix of pairwise comparisons ', we use the set A of
coefficients y;;,i,j = 1,L, of the matrix of pairwise compa-
risons T which satisfy the conditions:

1) {vi,i =TL}C4;

2) Vi :'thij €A Ile] = 11Yij ¢ A.

We propose to use the measure

9)

as the consistency measure for estimated w;,i = 1,L.

2. We propose to use the following models as opti-
mization models for weights’ estimation.

Model 1 requires sequential solving of the following
linear programming (LP) problems:

Y > s Yy a3 o

min
AjjAg 4 4
v@i)elal (i)€l4| (@i))elA|
ll’lyij + A%} < VVL - VV] < lnYij + A}],
v(ij) € 14l
0<A, <In(1+1-A,(D).VG) €Al (11)

0= A% >1In(1—m-A,(m)) V()) € A,
W; = 0,i =1L, (12)
where W;, Aj;, A%; are the LP problem coefficients;

[,m natural numbers successively taking values (1; 1),
(1:2),(2; 1), (2; 2), etc,;

Ay (x),A,(x) given numeric scalar functions taking
non-negative values, of a natural argument;

C),n, coefficient determined from the formula:

In(1+1-4,(1)) = CipIn T

Toma,m)’ (13)

|A| the set of pairs (ij), i # j, for each of which
Yij = 1 (vi; € |A]).

When using problems (10)—(12) for weights’ estima-
tion, we set the functions A, (x),A,(x) in such a way that
the values of [ - A, (1) and m - A, (m) at each iteration (for
each attempt of solving the LP problem (10)—(12)) increase
in a small ratio to their previous value. At the first iteration
they take the minimum possible values. Due to this method
of functions A, (x),A, (x) specification, we can achieve the
most consistent weights, with respect to measure (9), for
each specific problem. This is possible due to the peculia-
rities of the current matrix of pairwise comparisons.

Iterations stop at the first successful solution of the LP
problem (10)—(12) (the first LP problem with a non-empty
set of constraints). After that, we find the weights of the
objects w;,i = 1,L, from the relationship:

wi=e% i=TL. (14)

Model 2 is the LP problem of the form:
min ¥ ;iyeja 2755 Vij »
—Vij S w; —Yij0; < Y5, ¥ =20,

(L.))ElA|

wza=1i=1L (15)

where a is a specified number;
w;,i = 1L, y;,(ij) € |A| the LP problem variables;
r;; Weighted coefficient.
We propose to solve the LP problem (15) for coeffi-
cients r;; that take the following values:

1) Tij = V(i) € 1Al (16)
Vij — 1 Yij>1
L v@) el
nj = ——,V(j ;
2) Y vij— 1 Yij>1 17)
—Yii S w; — Y0 <Y, =0
3) YT apen 0 (18)

Remark 4. For cases y;; — 1 € [0,e] where e > 0 is a
given number, we replace y;; — 1 by € in expressions (16)—
(18).

Remark 5. We can also use other analytical expres-
sions for coefficients r;; that satisfy the condition: r/; < 14
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follows from Vyj; > vf; > 1 + € (where € > 0 is a given
number).

Remark 6. An analysis of statistical experiments in [4]
concluded that the following analytical expression for ;; is
statistically efficient:

ri; =
J 3

(v —1)°

Nevertheless, in each individual case, we recommend
to solve a set of LP problems (15) in which r;; are deter-
mined from expressions (16)—(18).

3.1. Choosing the best solution. As a result of im-
plementing item 2, we obtain a set of weights {w!,i =
=1,L}, p = 1,k, where k is the number of different found
sets of weights w;,i = 1,L. The solution is a set of weights
w!,i = 1,L, on which we reach the minimum:

1
Yij

W}
— — vy -
wf J

in
p=1,k
(i)elAl

(19)

3.2. We need to perform the following operations [2,
4] to determine whether the set of weights w?,i = 1,1, isa
stable solution obtained by the empirical matrix of pairwise
comparisons T.

We build M combinatorial optimization problems, in
each of which we replace y;;, V(ij) € |Al, with arbitrary
Yi;, V(ij) € |A], I = 1,M, that satisfy the conditions

~

Yii—viy =% V(i) € 14l,

W;
(T)_j —Yij
where M is a sufficiently large natural number.

Remark 7. Combinatorial optimization problem to
obtain m%,l = 1,M, coincides with the one for which we
obtained w!™,i = 1,L, up to a replacement of Yij by yﬁj.

Let &}, i = T,L, be the estimates of the alternatives’
weights obtained by [-th optimization model (I-th set of
optimization models), I = T,M. The weights w!", w!, [ =
=1,M,i = 1,L, are equally normalized.

Weights’ estimates ®!", i = 1,L, are statistically jus-
tified, stable, and well consistent, if numbers p(&™,&®"),
1 =1,M, are acceptable. Here, ®™ = (0™, ...,0™)T, @' =
(i, ..., w)T, I =1,M, and p(®@™,®") can be interpreted
as the degree of difference between vectors @™ and @' [3].

We proposed in [3] to use this measure:

L o _ ‘Dﬁ

i=1 2 2
hea(op) b))

We studied a well-conditioned empirical matrix of

pairwise comparisons in [4], according to the computa-
tional procedure proposed by Saaty [5-12]. We used Model

1 =1,M. (20)

1 to estimate the weights. It turned out, as a result of simula-
tion, that p(®,®"') € (0,0.12) in 100 % of cases, where
[=1,M and ® = (w,, ...,w;)T are the weights estimated
by the simulated well-conditioned matrices of pairwise
comparisons.

Thus, if p(@™&') € (0,0.12) VI = 1,M, then the
estimated values w!* of weights w;, i = 1,L, are stable, and
the empirical matrix of pairwise comparisons T is equiva-
lent to a well-conditioned empirical matrix of pairwise
comparisons by the efficiency of the weights” estimation in
the sense of [5-12].

Remark 8. The implementation of item 3.2 is labori-
ous and can be omitted if the guaranteed obtaining of stable
and well consistent values of w;,i = 1,L, is not mandatory.

Conclusions. In this article, we have proposed an effi-
cient algorithm for uncertainty resolution for a quite gene-
ral class of combinatorial optimization problems under un-
certainty which use expert weights. The algorithm includes
efficient algorithmic procedure for expert weights’ estima-
tion based on previous results of the author and his
disciples.
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