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ESTIMATING WITH A GIVEN ACCURACY OF THE COEFFICIENTS AT NONLINEAR TERMS OF
UNIVARIATE POLYNOMIAL REGRESSION USING A SMALL NUMBER OF TESTS IN AN
ARBITRARY LIMITED ACTIVE EXPERIMENT

We substantiate the structure of the efficient numerical axis segment an active experiment on which allows finding estimates of the coefficients for
nonlinear terms of univariate polynomial regression with high accuracy using normalized orthogonal Forsyth polynomials with a sufficiently small
number of experiments. For the case when an active experiment can be executed on a numerical axis segment that does not satisfy these conditions, we
substantiate the possibility of conducting a virtual active experiment on an efficient interval of the numerical axis. According to the results of the ex-
periment, we find estimates for nonlinear terms of the univariate polynomial regression under research as a solution of a linear equalities system with
an upper non-degenerate triangular matrix of constraints. Thus, to solve the problem of estimating the coefficients for nonlinear terms of univariate
polynomial regression, it is necessary to choose an efficient interval of the numerical axis, set the minimum required number of values of the scalar
variable which belong to this segment and guarantee a given value of the variance of estimates for nonlinear terms of univariate polynomial regression
using normalized orthogonal polynomials of Forsythe. Next, it is necessary to find with sufficient accuracy all the coefficients of the normalized or-
thogonal polynomials of Forsythe for the given values of the scalar variable. The resulting set of normalized orthogonal polynomials of Forsythe al-
lows us to estimate with a given accuracy the coefficients of nonlinear terms of univariate polynomial regression in an arbitrary limited active exper-
iment: the range of the scalar variable values can be an arbitrary segment of the numerical axis. We propose to find an estimate of the constant and of
the coefficient at the linear term of univariate polynomial regression by solving the linear univariate regression problem using ordinary least squares
method in active experiment conditions. Author and his students shown in previous publications that the estimation of the coefficients for nonlinear
terms of multivariate polynomial regression is reduced to the sequential construction of univariate regressions and the solution of the corresponding
systems of linear equalities. Thus, the results of the paper qualitatively increase the efficiency of finding estimates of the coefficients for nonlinear
terms of multivariate polynomial regression given by a redundant representation.

Keywords: univariate polynomial regression, multivariate polynomial regression, normalized orthogonal polynomials of Forsythe, redundant
representation, linear equalities, conditional active experiment

O. A. IIABJIOB

ONIHIOBAHHS 13 3AJTAHOIO TOUHICTIO KOE®IIIEHTIB NPU HEJTHIHMHAX YIEHAX
OJTHOBUMIPHOI IMOJTHOMIAJIBHOI PET'PECII TPU MAJIIA KIJIBKOCTI BUITPOEYBAHB
JOBIJIBHOI'O OBMEXEHOI'O AKTUBHOI'O EKCIIEPUMEHTY

OOrpyHTOBYETHCS CTPYKTYpa e)eKTHBHOTO Bifpi3Ka YKCIOBOI OCi, IPOBEICHHS HA SIKOMY AKTHBHOTO €KCIIEPUMEHTY TSl 3HAXOKEHHS OLIHOK Koedi-
I[IEHTIB TIPN HENIHIHKUX YJIEHaX OJHOBMMIPHOI MOJIIHOMiaJIbHOI perpecii 3a J0IIOMOror0 HOPMOBAaHMX OPTOTOHAIBHMX ToNiHOMIB DopcaiiTa 103BOIIE
MPU JOCUTh MaJlii KiJIbKOCTI €KCIIEPUMEHTIB 3HAXOAUTH OLIHKU 3 BUCOKOIO TOYHICTIO. J{JIs1 BUTIAAKY, KOJIM aKTHBHUI €KCIIEPUMEHT MOXe OyTH peai-
30BaHUIl HA BIIPI3KY YMCIOBOI OCi, IO HE 33/I0BOJILHSE M YMOBaM, OOIPYHTOBYETHCSI MOXKIIMBICTh IIPOBENICHHS BIPTYaJbHOTO aKTHBHOTO EKCIIEPHU-
MEHTY Ha e()eKTHBHOMY BiJIpi3Ky YHCIIOBOI OCi, 32 pe3y/IbTaTaAMHM SIKOTO B PE3yJIbTaTi PO3B’SI3aHHS CHCTEMH JIIHIHHNX PIBHOCTEH 3 BEPXHBOIO TPUKYT-
HOI0 HEBHPO/KEHOI0 MATPHUIICI0 0OMEXEHb 3HAXOMAATHCS OLIHKH MPH HEMIHIHHUX WIEHaX JOCITiIKYyBaHOI OJHOBUMIPHOI MOJIIHOMIiaNbHOI perpecii.
TakuM YMHOM, JUTA PO3B’S3aHHS 3a]1a4l OLHIOBaHHS KOe(Dil[iEHTIB P HENHIHHUX YIeHaX OAHOBHMIPHOI MOJIHOMIaILHOT perpecii HeoOXiaHO BUOpa-
TH e)eKTUBHUHI BiIPi30K YMCIIOBOI OCi, 33JaTH MiHIMAJIBHO HEOOXIIHY KiJIbKICTh 3HaU€Hb CKAJIPHOI 3MIHHOI, 0 HAJIOXKATh IIbOMY BiJpi3Ky i rapaH-
TYIOTh 33/1aHy BEJIMUUHY JUCIIEPCIl OI[IHOK NPH HENiHIIHUX 4JIeHaX OJHOBUMIPHOI MOJIIHOMIaNbHOI perpecii 3 BUKOPHCTAHHSIM HOPMOBAaHHX OPTOrO-
HaypHUX nojiHoMiB Dopcaiita. Jlani HeoOXiIHO 3 JOCTATHHOIO TOYHICTIO 3HAWTH BCi KOE]illi€eHTH HOPMOBAHUX OPTOrOHAIBLHUX MOJiHOMIB Dopcaiita
JUISL 3aJITaHMX 3HA4YeHb CKaJApHOi 3MiHHOI. OTpuMaHuii Habip HOPMOBAHMX OPTOTOHAJBHMX TONiHOMIB (opcaiiTa T03BOIISE OLIHIOBATH i3 3aJ]aHOIO
TOYHICTIO KOC(IIiEHTH MPU HENMHIWHUX YIeHaX OJHOBHMIPHOI MOJIHOMIAIBHOI perpecii npu JOBUTBHOMY OOMEXKEHOMY aKTHBHOMY €KCIIEPHMEHTI —
00J1aCTh 3MiHM 3HaY€Hb CKAJISIPHOI 3MIHHOI MOKe OyTH JOBUIBHUM BiJIpi3KOM 4HCIIOBOT oci. OIiHKY KOHCTaHTH Ta Koe(illieHTa IpH JHIHHOMY 4JIeHi
OJIHOBMMIpPHOI MOJIIHOMIabHOI perpecii MPONOHYEThCS 3HAXOANTH BHACIIZOK PO3B’A3aHHS 3ajadi JiHiHOI OJHOBHMIPHOI perpecii 3a J0MOMOTO0
CTaHAAPTHOTO METOy HAWMEHILUX KBaJpaTiB B yMOBaX aKTHBHOTO €KCIIEPUMEHTY. Y MOIepenHixX myOuikalisgx aBTopa Ta #oro y4HiB OyJ0 OKa3aHo,
110 OLIHIOBaHHS KOE(IIi€HTIB MPU HENIHIMHUX WieHaX 0araTOBHMIPHOI MOJIHOMIAIBLHOI perpecii 3BOJUTHCS JI0 TOCIIIOBHOI MOOYI0BH OZHOBUMIp-
HHX perpeciii Ta po3B’s3aHHS BiIIOBIHUX CHCTEM JIHIHHNX piBHOCTeH. TakiM YMHOM, pe3yibTaTH CTATTi SKICHO MiJABHILYIOTh €)EKTHBHICTh 3HAX0-
JUKEHHS OI[IHOK KOoe(iI[ieHTiB PH HEeJiHIHHUX 4eHaxX 0araToBUMIpHOI MONIHOMIaNbHOI perpecii, sika 3aaHa Ha UTHITKOBUM OITHCOM.

Ku1ro4oBi cjioBa: oHOBHMIpHA MOJNTiHOMIaNbHA perpecis, 6araTOBUMipHa MOJiHOMIajbHA perpecisi, HOPMOBaHi OpPTOroHanbHi nominomu dop-
caiiTa, HaJUIMIIIKOBHI OMHC, JiHiifHI PIBHOCTI, YMOBHHI aKTHBHUI €KCIIEPIMEHT
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A.A. IIABJIOB

OLEHKA C 3A£[AHHOI7I TOYHOCTBIO KOY®PUIIUEHTOB INPU HEJIWHEMHBIX YWIEHAX
OTHOMEPHOW MOJIMHOMMAJIBHON PETPECCHHU ITPU MAJIOM KOJIMYECTBE
HCHBITAHUMA MPOU3BOJHLHOIO OTPAHUYEHHOI'O AKTUBHOI'O DKCIIEPUMEHTA

O00CHOBEIBaeTCS CTPYKTYpa 3(P(HEKTHBHOIO OTPEe3Ka YHUCIOBOW OCH, IPOBEICHHE Ha KOTOPOM aKTHBHOTO HKCIEPUMEHTA IS HaXOXKACHUS OLCHOK
K02 (PUINECHTOB NpU HEIWHEIHBIX WIEHaX OAHOMEPHOH MOIMHOMHAIPHOW PErpeccHH C IOMOIIbI0 HOPMHPOBAaHHBIX OPTOrOHAIBHBIX MOIMHOMOB
Dopcaiita M03BOJIAET NPU JOCTATOUHO MaJIOM KOJIHYECTBE IKCIEPUMEHTOB HAXOIHTh OLIEHKU C BBICOKOM TOUHOCTBIO. JIjIs ciiyuas, KOrja akTHBHbIN
OKCIIEPHMEHT MOXKET OBITh pealH30BaH Ha OTPE3KE YHCIOBOH OCH, HE YHOBIETBOPSIONIEM JTUM YCIOBHSM, OOOCHOBHIBACTCS BO3MOXKHOCTH
MIPOBEJICHNS] BUPTYaIbHOTO aKTHBHOTO SKCIEPUMEHTa Ha 3((EeKTHBHOM OTpe3Ke YHCIOBOH OCH, IO pe3ylbTaTaM KOTOPOTO B pe3ylbTaTe PEIICHUS
CUCTEMbl JIMHEHHBIX PABEHCTB C BEpPXHEW TPEYrojbHOM HEBBIPOXKICHHOH MaTpHULEH OrpaHMYEHHH HAXOAATCS OLIEHKH IPU HEJIMHEHHBIX 4JIeHaX
HCCIIeyeMoil OTHOMEPHOH IOIMHOMHUANEHOH perpeccuy. Takum oOpa3oM, IS pelIeHHs 3aJadd ONEHMBAHHS KOI(P(UIMEHTOB NpU HETHHEHHBIX
IeHaX OJHOMEPHOU MOJMHOMHAIIBHOI perpeccuy HeoOX0AUMO BHIOPaTh 3(p(EeKTHBHBIM OTPE30K YHUCIOBOH OCH, 3aaTh MHHHMAILHO HEOOXOIMMOE
KOJIMYECTBO 3HAYCHUI CKAISPHOI IepeMEHHON, MPUHAUICKALINX ITOMY OTPE3KY U IapaHTHPYIOLIMX 33JaHHYI0 BEJIMYUHY AUCHEPCHH OLICHOK IPH
HETHMHEIHBIX WIeHaX OJHOMEPHOH IIOIMHOMHUAIEHOH PErpeccut ¢ UCHONIb30BaHHEM HOPMHPOBAHHBIX OPTOrOHANBHBIX MoarHoMoB Dopcaiita. lanee
HEOOXOIUMO C JOCTATOYHON TOYHOCTBIO HAHTH Bce KO (UIUEHTE HOPMUPOBAHHBIX OPTOTOHAIBHBIX TOIMHOMOB (Dopcaiita 11 3aJaHHBIX 3HAUCHUH
CKaJsIpHOU nepeMeHHOMH. [TonyuyeHHbIH Habop HOPMHUPOBAHHBIX OPTOrOHAJIBHBIX MOIMHOMOB DopcaiiTa M03BONIAET OLEHNUBATD C 33 JaHHON TOYHOCTHIO
K02 QUIUEHTHI IPH HEIMHEHHBIX WIEHAaX OJHOMEPHOH ITOJMHOMUATIEHOH PErpeccHy MPpH MPOU3BOILHOM OTPaHUYCHHOM aKTUBHOM JKCIICPHMEHTE —
00J1acTb M3MEHECHNS 3HAYCHNH CKASIPHOM IIepEeMEHHOH MOKET OBITH IIPOU3BOJILHEIM OTPE3KOM YHCIOBOH OocH. OeHKY NOCTOSIHHOM U Koo dunueHTa
MIPU JIMHEHHOM YJICHE OJZHOMEPHOH IOJMHOMMAIBHON PErpeccHH IMPEAIaraercss HaxXOAUTh BCIICICTBHUE PELICHUs 3aJayd JMHEWHOH OJHOMEpHOU
pEerpeccuy ¢ IOMOIIBIO CTAaHIAPTHOTO METOa HAMMEHBIINX KBAJPaTOB B YCIOBHAX aKTHBHOIO SKCIIEPHMEHTA. B IpepIIymux myonuKanusx aBTopa
1 €r0 YYEHHKOB OBLIO MOKa3aHO, YTO OLEHHBaHNE KOI((UIMEHTOB IPH HEMHSHHBIX WIEHAX MHOTOMEPHOHU ITOJMHOMHAILHOW PErPeCcCHH CBOIUTCS K
[OC/IE/JOBATEIIbHOMY IIOCTPOCHHIO OJHOMEPHBIX PErpPecCHil M PEIICHHI0 COOTBETCTBYIOIIMX CHCTEM JIMHEHHBIX paBeHCTB. Takum o0Opasom,
pe3yIbTaThl CTaThH KadeCTBEHHO ITOBBINAIOT J(P(PEKTUBHOCTE HAXOXKICHHS OLEHOK KOd(D(HIMEHTOB NPH HEJIMHEHHBIX WIEHaX MHOTOMEPHOH
TIOJIMHOMHAIILHON PErpeccuH, 3alaHHON M30BITOYHBIM OIFICAaHUEM.

KiroueBble cl10Ba: OJHOMEpHAs MOJIHHOMHAIIbHAS PErPECCHsi, MHOTOMEpHasl IIOJMHOMHUANIbHAS PErpeccusi, HOPMUPOBAHHBIC OPTOTOHAIBHbIC
noiauHoMbl Dopcaiita, U30BITOYHOE ONMCAHUE, JIMHEHHBIC PABEHCTBA, YCIOBHBII aKTUBHbII SKCIIEPUMEHT

Introduction. Univariate and multivariate regression  y; = 6, + 6,x; + -+ 0,x] +8; where & is the
models are widely used [1-8] in modern information di-  realization of the random variable E. Based on the results
agnostic systems in various fields of human activity, for  of an active experiment (xyy, i=1n) we find
example, in medicine. Finding, with a given accuracy,
estimates of the coefficients of univariate polynomial re- i . ~ .
gression (UPR) and multivariate polynomial regression ~find the estimates 6; by the least squares method using

estimates 8; of unknown coefficients 6;,j = 0,7. We will

(MPR) is still a serious theoretical problem today. NOPFs. Let us give the following well-known facts [11].
Works [9, 10] substantiate the possibility of reducing Let us transform the model (1) into a model (2):

the sufficiently efficient estimating of the coefficients at r

nonlinear terms of the MPR in an active experiment to Y(x) = Z w;Q(x) + E 2

successive building of a UPR. The coefficients at nonline- j=0

ar terms of the UPR are the right-hand sides of the sys- .= ,
tems of linear equalities, whose unknowns are the coeffi-  Where €;(x), j = 0,r, is the j-th NOPF.

cients at the nonlinear terms of the MPR. Thus, the effi- According to [11],

cient finding of estimates at nonlinear terms of the UPR _ _ _

reduces the problem of estimating the coefficients of the AQ;() = xQj1 () = aQj () = Q- (), ()
MPR to the standard problem of finding the coefficients of  \yhere o, B, A are the coefficients determined as follows:
linear multivariate regression in an active experiment. In
this paper, we substantiate a procedure for efficient find-
ing of the coefficients at nonlinear terms of a UPR. The
procedure is based on the transformation of a real active
experiment into a virtual one. The formulated problem is B =2 %Q—1(x)Qj_2(x); (5)
solved using the results of the virtual experiment together

with a previously found set of normalized orthogonal pol- >
ynomials of Forsythe (NOPFs) which guarantee a speci- A = JE?zl (xin_l(xi) —aQ;_1(x;) — BQj_z(xi)) . (6)
fied variance value of the estimated coefficients.

a =N, %07 1 (x); (4)

General theoretical provisions. Univariate poly- The first two orthogonal polynomials are calculated

nomial regression is given in the form by the formulas
Y(x) =0y +6:x+ ..+ 6,x" +E (€))]
Qo(x) = \/_—2
where  x is an input scalar variable; n
E is a random variable with mathematical expec- X x

tation ME =0 and variance Var(E) = 0% < o, 2 is Q(x) =- —+ = (7
known, or its upper bound is given. NOXCTE LN CPE S Ok

An active experiment is designed as follows: the val-

ues of the input variable x;, i = 1,n, sequentially enter
the object (1), we obtain the output values of

— 1
where x = ;Z{;lxi.
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In general case, the j-th orthogonal polynomial is
calculated by the formula

Q;(x) = qjo + qjux + - +qx), j=0,r. (8

The recurrent procedure (3) allows us to find all the
coefficients (8) for j =2,r using (7) by values x;,
i=1,n. We find estimates of the coefficients wj,
j = 0,r, by the formula

W]’ = Z?:l Vi Qj(xi)' ] = W' (9)

and determine the estimates 8;, j = 0,7, from the esti-
mates w;, j = 0,7, as follows:

The accuracy of the estimate 8;, j = 0,7, is evaluated by
the formula

Mé} = 9], Var(éj) =g? Z{:r qlzj (ll)

It was shown in [12] that the most convenient inter-
val of the numerical axis for an active experiment has the
form [—[t|, t], t > 1.

For example, carrying out an active experiment in
the interval [-50,50], x; = =50, ..., x;0 = 50, with an
equal step, leads to the following estimates [10]:

Var(,) = 0% -4.26-107;

Var(f;) = ¢%-7.55-107%;
) (12)
Var(9,) =%+ 1410712

Var(fs) = 0% -1.28-1071°

where g2 = Var(E).

Intervals [u,v], u < v <0 or 0 <u < v, are much
less efficient for an active experiment using NOPFs: vari-
ances of the estimates 9,-, j = 2, are significantly (by or-
ders of magnitude) larger for a given n [12]. Further, we
will call an interval of the form [—|¢|,t],t > 1, an effi-
cient interval.

Formal statement of the problem and methodolo-
gy for its solving. We solve the following problem. Sup-
pose that a set of NOPFs was built in advance with suffi-
cient accuracy for the interval [-|t],t],t > 1, and a given
n (it is enough to set b = 50 and n = 10, see (12)). Then
a real active experiment on an interval [c, d] where ¢ < d
are arbitrary real numbers, is reduced to a virtual active
experiment on an interval [-[t], t],t > 0, for an artificial-
ly constructed UPR. The problem of estimating the coeffi-
cients at nonlinear terms of this UPR is solved using a pre-

built set of NOPFs found for x;, i = 1,n, x; = —|t| <
<x; <+ <x,=t It is shown that estimates 8,

j=2,r, are a solution of a nondegenerate system of
linear equalities with an upper triangular structure of the
constraint matrix.

Designing a virtual active experiment for a given
limited active experiment. Let us specify an arbitrary
polynomial of degree r:

y(x) =0y +0;x+ ...+ 0,x". (13)
Let us make the substitute of variables:
x=az+b (14)

where a and b are the coefficients of linear transfor-
mation. We obtain a polynomial

}’(Z) =06, + Bl(az + b) + ez(az + b)z 4+ .+

+6,.(az + b)"
or, in equivalent form:

y(@) =y +tviz+-+yz. (15)
Statement 1. There is a one-to-one correspondence

between the coefficients of polynomials (13) and (15).
Proof. We can verify directly for r = 2,3 that the

systems of linear equalities linking the coefficients 6; and

y; VJj have the following form:

Forr = 2:
1 b b? 0o Yo
0 a 2ab||6:1)=|" (16)
0 0 a2 0, V2
Forr = 3:
1 b b* b3 8o Yo
0 a 2ab 3ab? || 6 Y1
= 17
0 0 a* 3a%b]\0: Y2 (17
0 0 0 a’ 0, V3
or in general form:
90 Yo
al%)=("), (18)
0, Vr

where the matrix A,. is upper triangular:

14, = ITj=o a’ # 0 and, therefore, there is a one-to-one
correspondence between the coefficients of the polynomi-
als (13) and (15).

Corollary. Due to the structure of the matrix 4, the
system (18) is solved as follows:

Vi
er = a_:: 91‘—1 = f(a' b: HT, yr—l)'

02 = f(a, b, 67"' ...,63,]/2).

Let the UPR model be given in the form

(19)
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Y(x) =6y +60;x+ ..+ 0,x" +E. (20)

An active experiment can only be carried out for
values from the range [c, d], ¢ < d, for which the use of
NOPFs is inefficient. And for a symmetrical segment
(21, 2,]), 2, = —2p, z, > 1, & pre-built set of NOPFs for
the given

T, 2y =2y < 2y < < Zpy_q < Zy, (21)

guarantees the specified variances of the estimates of the
UPR coefficients, j = 2,r. For example [10], variances of
the UPR coefficients for j = 2,5 are determined by (12)
for z, = —50,z,, = 50,n = 10.

Algorithm for designing a virtual active experiment:

1. Find a linear relationship x = az + b satisfying
the condition az; + b = ¢, az, + b = d. Verify directly:

d-—c d—c
a=—2>0, b=x,—— 7. (22)
Zn — 21 in — 21
Set
x1=c,xj=azj+b,j=2,_n(xn=d) (23)

(xj > xj_1,j = 2,n,since a > 0, and z; > z;_,).
2. Carry out an active experiment on the UPR model
(20) for the values of the input variable x;, i = 1,7, given
by expressions (23). The result of an active experiment is
a dataset (x;,v;), i = 1,n. By virtue of Statement 1, sim-
ultaneously for the UPR model (3), a virtual active exper-
iment was carried out on the following virtual UPR of the
form
Y@) =yo+riz+-+yz +E (24)
(see formula (15)), its result is a dataset (z;,y;), i = 1,n.

Using this dataset and the set of pre-built NOPFs (21) find
with a given accuracy the estimates of the coefficients 7,
j = 2,7, and use them for solving system (18) finding as a
result the estimates 8, j = 2,r.

Thus, the use of a virtual active experiment qualita-
tively simplifies estimating of the coefficients at nonlinear
terms of an UPR. Finding the estimates of 6,0, is re-
duced to the problem of univariate linear regression under
active experiment conditions.

Remark. Theoretical estimates of the accuracy of
finding the values of y,,y, with the use of NOPFs are
rough even for n = 100 [10] and do not guarantee any-
thing in fact. To estimate them, it is better to use the least
squares method for x; = 0V 1, i = 1,n, at a large enough
n and a low variance Var(E).

Conclusions. 1. We show that the problem of esti-
mating the coefficients at nonlinear terms of a univariate
polynomial regression using an arbitrary limited active
experiment with a given accuracy can be solved with the
use of one set of pre-built normalized orthogonal polyno-
mials of Forsythe. The polynomials guarantee estimating
of the coefficients at nonlinear terms of univariate poly-

nomial regression with the specified accuracy in a special-
ly designed virtual active experiment.

2. We have reduced estimation of the constant and
the coefficient at the linear term of univariate polynomial
regression to univariate linear regression problem solving.

3. The result we obtained qualitatively increases the
efficiency of estimating the coefficients at nonlinear terms
of a multivariate polynomial regression given by a redun-
dant representation. The procedure is reduced to the se-
quential building of univariate polynomial regressions and
solving the corresponding systems of linear equations.
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