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CONSTRUCTION OF A MULTIVARIATE POLYNOMIAL GIVEN BY A REDUNDANT DESCRIPTION
IN STOCHASTIC AND DETERMINISTIC FORMULATIONS USING AN ACTIVE EXPERIMENT

We present the methods for constructing a multivariate polynomial given by a redundant representation based on the results of a limited active experi-
ment. We solve the problem in two formulations. The first is the problem of constructing a multivariate polynomial regression given by a redundant
representation based on the results of a limited active experiment. The solution method is based on the previous results of Professor A. A. Pavlov and
his students showing the fundamental possibility of reducing this problem to the sequential construction of univariate polynomial regressions and
solving the corresponding nondegenerate systems of linear equations. There are two modifications of this method. The second modification is based on
proving for an arbitrary limited active experiment the possibility of using only one set of normalized orthogonal polynomials of Forsythe. The second
formulation refers to the solution of this problem for a particular but sufficient from the practical point of view case when an unknown implementation
of a random variable is not added to the initial measurement results during an active experiment. This method is a modification of the solution method
for the multivariate polynomial regression problem. Also, we used the main results of the general theory (which reduces the multivariate polynomial
regression problem solving to the sequential construction of univariate polynomial regressions and solution of corresponding nondegenerate systems of
linear equations) to consider and strictly substantiate fairly wide from the practical point of view particular cases leading to estimating the coefficients
at nonlinear terms of the multivariate polynomial regression as a solution of linear equations with a single variable.

Keywords: least squares method, multivariate polynomial regression, normalized orthogonal polynomials of Forsythe, redundant representa-
tion, linguistic variable, limited active experiment

O. A. ITABJIOB, M. M. 'O/IOBYEHKO, B. B. /[PO3/]

IHHOBYAOBA BATATOBUMIPHOT' O NIOJITHOMA, 3AJIAHOI'O HAJJIMIIKOBUM OIIMCOM B
CTOXACTHUYHIN TA IETEPMIHOBAHIA IOCTAHOBKAX, 3 BUKOPUCTAHHAM AKTUBHOI'O
EKCIHIEPUMEHTY

Hageneni meronu mo0ynoBr 6araTOBUMipHOTO MOJTiHOMA, 33/1aHOTO HA/UTUIIIKOBUM OITHCOM, 32 Pe3yJIbTaTaMi OOMEXEHOTO aKTUBHOTO €KCIIEPUMEHTY.
3amada po3B’s3yeThCS B IBOX ITOCTaHOBKaX. [lepmia — sk 3aa4a o0y 0B GaraToBUMipHOI MOJIIHOMIaBbHOI perpecii, 3a1aHoi HaUIUIIKOBHUM OITHCOM,
3a pe3yJbTaTaMH OOMEXECHOTO aKTMBHOTO eKcrepuMeHTy. HaBemeHuit MeTox po3B’si3aHHS OasyeThesi Ha IMONEPEAHIX pesyibTaTtax Hpodecopa
O. A. [TaBnoBa Ta #Oro y4HiB, B IKHX IIOKa3aHa MPUHIMIIOBA MOXIIMBICTb 3BEACHHS L€l 3a/1a4i 10 MOCTiJOBHOI MOOYI0BU OJTHOBUMIPHUX TOJIIHOMIA-
JIBHHX PETpeciii Ta po3B’A3aHHS BiATIOBITHNX HEBUPOJUKEHNX CHCTEM JIiHIHHNUX piBHAHB. [IpuBoAAThCs MBI Mommdikanii Metony. Jpyra moxudikariis
0a3yeTbCs Ha JIOBEACHHI JUIS JTOBUIFHOTO OOMEXEHOTO aKTUBHOTO €KCIIEPHUMEHTY MOXIIMBOCTI BHUKOPHCTAaHHS JIMIIE OJHOr0 HaOOpy HOPMOBAaHHX
opToroHanbHUX noniHomiB ®opcaiita. J[pyra nocTaHoBKa — 11 po3B’sI3aHHs L€l 3a/1a4i JUI1 4YaCTKOBOTO, ajie JOCTAaTHHOTO 3 TOYKH 30pY MPAKTUKH
BUMAJKy, KOJIIM Ha BUXIiJHI pe3ylbTaTH BHUMIDIOBaHHS ITIPH NPOBEAEHHI aKTHBHOTO €KCIIEPUMEHTY HE JIOJA€ThCs HEBIZOMa peaisallis BHIaaKOBOI
BennuuMHHU. Buknanenuit Meron € moaudikariero MeToqy po3B’s3aHHA 3aiadl GaraTOBUMIpHOI mojiHOMianbHOI perpecii. Takoxk, BUKOPUCTOBYIOUH
OCHOBHI Pe3yJIbTaTH 3arajibHol Teopii, 1110 3BOANUTH PO3B’si3aHHS 33a7a4i 0araToBUMIpHOI MOJMIIHOMIaJIbHOI perpecii A0 MoCiiJOBHOT HOOYI0BH OJHOBHU-
MipHHX TMOJIIHOMiaJlbHAX PETpeciii Ta pO3B’sI3aHHIO BiMOBIIHNX HEBUPO/UKEHNX CHCTEM JIHIHHNX PIiBHSAHB, POIIIHYTI Ta CTPOTO OOTPYHTOBaHI J10-
CTaTHHO LIMPOKi 3 TOYKH 30pY MPAKTUKU YACTKOBI BHIAJIKU HA/UIMIIKOBOTO OMKCY, IO MPHBOMAATH 10 3HAXO/DKEHHS KOS(iLi€HTIB MPU HENTiHIHHUX
YiieHaX 0araTOBHMIPHOI MOJITHOMIiaIbHOI perpecii sk po3B’si3Ky JIHIHHUX PiBHSIHB 3 O/IHIEIO 3MiHHOIO.

Kurouogi c1oBa: Merox HalfiMeHIINX KBajpaTiB, 6araToBEMipHa MOJNiHOMIiadbHa perpecist, HOpMOBaHi OpToroHaibHi noninomu dopcaiita, Hal-
JIUIIKOBUI OMKC, JITHTBICTHYHA 3MiHHA, OOMEXEHUI aKTUBHHH €KCIIEPUMEHT

where

Introduction. Modern applied information systems
use formal models of informatization objects. Their relia-
ble design is still a non-trivial scientific and applied prob-
lem. In particular, the problem of constructing a mul-
tivariate polynomial regression (MPR) is still the subject
of research by scientists [1-8]. Papers [9, 10] addressed
the following problem. We have an MPR given by the re-
dundant representation

Z bl]11,’,’l]tt(xll)]1 (xiz)jz o (xit)jt + El (1)

y(x) = = et R o
V(iy, ..., i,)EK, Yy, ooy J)EK(iy, ..\ it)

x = (xq,..,x,)7" is a deterministic vector of in-
put variables, E is a random variable with arbitrary distri-
bution, its mathematical expectation ME = 0, variance
Var(E) = 6% < o0. The value or the upper bound o2 is
known. The work [10] descripts in the most detail the
methodology and its implementation algorithms for find-
ing efficient estimates of the values of coefficients at non-
linear terms of the redundant representation (1). The algo-
rithms allow to exclude redundant nonlinear terms from
(1) practically exactly. The main idea is that giving an
MPR with a redundant representation allows to find with a
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given accuracy (a limitation on the variance value) the
estimates of the coefficient values for nonlinear terms of
the univariate polynomial regressions (UPRs) of the form

Y(x) =6, + 6,x + ..+ 0,x" +E (2

where x is a scalar deterministic input, with solving the
corresponding surely nondegenerate systems of linear
equations. The variables of the systems are the estimates
of the coefficients at nonlinear terms of the MPR (1). We
will give two modifications of this method. The second
modification contains the proof of the fact that it is possi-
ble to use, without reducing the accuracy, only one set of
normalized orthogonal polynomials of Forsythe (NOPFs).
We derive formulas for the variance of coefficient esti-
mates for nonlinear terms of UPRs for this case. Paper [9]
presents algorithms for estimating the coefficients of
linear terms of the MPR (1) and building a linguistic vari-
able, the value of which is a qualitative characteristic of
the solution reliability for the problem as a whole. Finally,
we give a modification of the proposed algorithms for the
case when Var(E) = 0. This problem arises when the
researcher can specify, up to the coefficient values, only
the redundant representation (1) while performs the output
measurements in a limited active experiment (Vx € [c, d],
¢ < d are arbitrary real numbers) accurately.

Finding and studying the efficiency of estimates of
coefficient values for nonlinear terms of a UPR. Let the
UPR look like (2). Paper [11] gives the following result.
Let a univariate polynomial have the form

y(x) =6y +0x+ ..+ 6,x7, ?3)

let x = az + b where a, b are arbitrary constants. Then
there is one-to-one correspondence between the coeffi-
cients yg, ¥4, ... ¥ Of the polynomial

y(2) =6, + 0,(az + b) + 0,(az + b)? + - +

+0,.(az+b) =y, +vy1z+ - +y2" 4)
in the form
0o Yo
a %)= ©
6./ \n

where the matrix 4,. is the upper triangular one:

1
Ar = az . (6)

a

This result allows to obtain estimates of the coefficients at
nonlinear terms of the UPR (2) based on the results of a
limited active experiment x; = y;, i = 1,n Vx; € [c,d],
c < d are arbitrary real numbers, x; =c<x, < <
<x,=d, xj—xj_; =const, j = 2,n, using only the
results of a virtual active experiment for a virtual UPR
problem

y@) =yo+viz+ +vz +E (7)

(z; = y;,i = 1,n) where

d—c d—c
a = > 0, b = X1 — *Zy,
Zn Zl Zn Zl
setting, for example,
71 =—Ip| <z, <<z, =p>1,
zj — zj_y = const,j = 2,n. (8)

The values of the scalar input variable x of the UPR
(2) are related to the values of the scalar input variable z
of the virtual UPR (7) by the expression

xj=azj+b,j=2,_n, X, =C¢C. 9

This allows for arbitrary ¢ < d to use at the given n
only one set of NOPFs Q;(2),j = 0,7, built for the values
of the scalar variable z (8). Indeed [12], let the NOPF be
Qi@ =qjo+apnz+-+ q;z, j= 0,7, where the
numbers gq;;, j = 0,7, are obtained by numbers zj,
j=1n (see(8)). Then the estimates 7;, j =0,r,
obtained by the least squares method (LSM) according to
the results of a virtual experiment z — y;,i=1,n
(v;, i=1,n, are the output results of an active
experiment for a UPR (2) for x;,i = 1,n, which are
related to the values of z;,i = 1,n, by the expressions (8),
(9)), have the form

W, =Y,y Q;(z),Dw; = 0%, (11)
M7; =v;, D7 = a2 ¥)_.q%. (12)

The values of 7;, j = 0,r, by virtue of the LSM are

i _yr ) 13
arg mlnYr(yl Z]=O]/]Zi) - (13)

YoY1,-

Let §;, j = 0,7, be the solution to the system of lin-
ear equations

6o Yo
a%)=(") (14)
6.) \1

where the variables are 6;, j = 0,7. Then the following
statement is true.
Statement 1., j = 0,7, are

iN2
arg min Ly (y; — Xjo %) -
0Oy

Proof will be done by contradiction. Suppose
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and 87, j=0,r, are argeoﬂrrimarzjﬂ(yi Z;:o ijl.) )

Suppose y;, j = 0,r, are found from the system of linear
equations

Yo 8o
Vil=a,|% (15)
Yr 0y

Then, due to the one-to-one correspondence of
solutions (15) and equations Y7_,6;x! = X7 ov/z],
i = 1,n, the condition (13) is not fulfilled. Statement 1 is
proved.

Corollary. When using NOPFs for r < 1,.4, at a
fixed n = r for arbitrary ¢ < d ([c, d] is the range of pos-
sible values of the scalar deterministic variable in the UPR
(2) problem, for x; = c <x, < <xp, =d, x; —xj_1 =
= const,j = 2,n; the estimates 8;,j = 2,7, can be found
using a single set of NOPFs Q;(2), j = 2,7, built, for
example, for

z=-pl <z, <<z, =p>1

zj—zj_y = const, j = 2,n. (16)

Remark. A set of NOPFs (16) is built for Q;(z),
J =0, Tnax

Values of the coefficients q;;, i,j = 0,7, must be
found in advance with a predetermined accuracy.

Corollary 1. We suggest choosing the segment
[—Ipl,p], p > 1, from empirical considerations related to
finding vq;j, i,j = 0,7 (10) with a given accuracy and
the fact that for a symmetric segment [—|p|,p], p > 1, the
number of tests n to obtain efficient estimates of the UPR
coefficients is the lowest [10].

Corollary 2. Condition (16) increases the efficiency
of using an active experiment consisting of a repeating
dataset x, ..., x,, for obtaining variances of the estimates
6, j = 2,7, with a given accuracy.

Corollary 3. The values of variances Var(9)),
j=0,1, do not allow to guarantee their accuracy in
advance at a small number of tests [11]. In this case we
offer:

e to form a data set x7, ..., x,, for n; > n such that
the matrix (ATA)~! [12] is nondegenerate;
e check the reliability degree of the found esti-
mates (9]-, j = 0,7, that corresponds to the value
of the linguistic variable introduced in [9].
To use only one set of NOPFs (16), we need to find
the values of variances Var(8;), j = 2,7, by the values of

Var(7;), j = 2,7, given by the formula (12) [12].

The structure of the coefficient’s matrix A, of the
system of linear equations (5) allows us to get a solution

for §, j = 2,7, in the following form:

~ 1 1 /. Ar_1r
r= ;%’; 07‘—1 = F(yr—l - Tar ryr)

and in general form

97"-]‘ = bT—j,l)’/\r—j + bT—j,Z?r—j+1 + o+

+br—j,j+1]7rl j=0,r—2. (17)

Remark. Practical recommendation for choosing a
value of p > 1 is this: the value of p should be such that
for almost all values of ¢ < d in any limited active exper-
iment we have a =% where k > 1 is an integer or real
number with a limited number of decimal places. Then we
have no division operation when finding the coefficients
Vb, , of the system of equations (17).

By virtue of (10) we have

A j ~ i+1 ~
0, =br_j, - Wiqyj + br_j )i wiq + e+

+ by j1Wr Gy = - Cwy, j=2,r. (18)

By virtue of (11) and the following property of w;,
j=0,r[12]:

vl = m cor(w;, Ww,,) =0,

if w;, w,, considered to be random variables, we obtain:

var(§;) = o%(Z)_, cl]-)Z, j=2r. (19)
Thus, we have two possible algorithms for finding
estimates 8;,j = 2,, for the UPR problem (2), x € [c, d].
The first algorithm. Find such n; x; =c<x, <
< <X, =d, x;—xj_q =const, j = 2,n; coefficients
with a given accuracy of the NOPFs

Qj(x)' ] =0,r (20)
by the values of x4, ..., x,; [ as the number of repetitions
of the subsequence x, ..., x,, in an active experiment that
guarantees compliance with the restrictions on the varian-
ces Var(f;), j = 2,7 (see the results of Paviov A. A, Ka-
lashnik V. V., Kovalenko D. A. presented in [10]).

Remark. In this case, we use the set of NOPFs (20),
and the active experiment consisting of [ repetitions of the
subsequence x,...,x, allows to reduce the variances
Var(9;), j = 2,7, in I times compared to an active exper-
iment consisting of a sequence xy, ..., X,.

The second algorithm. To find the estimates of 8;,
j=2,r, use for an arbitrary limited active experiment
(x € [c,d]) the single set of NOPFs (16), the number [ of
repetitions of the subsequence x,, ..., x,, in a limited active
experiment for the UPR problem (2) is set by the analysis
of the values of Var(;), j = 2,r, by the formula (19).
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Methodology and algorithms for estimating coeffi-
cients at nonlinear terms of an MPR given by a re-
dundant representation. As a whole, the methodology
and algorithms for estimating coefficients at nonlinear
terms of an MPR given by a redundant representation
were given in [10]. In this section, based on a brief de-
scription of this methodology, we will present partial cas-
es of the general problem which are of practical im-
portance and significantly facilitate the problem solution
and increase the accuracy of estimating the coefficients at
nonlinear terms of the MPR.

Remark. We suggest having the content of the article
[10] for a detailed analysis of the following results.

1. In [10], the sequence of actions is given that leads
to the guaranteed possibility of finding the estimates of the
coefficients at nonlinear terms of an MPR by estimates of
the coefficients at nonlinear terms of UPRs after sequen-
tial building of UPRs and solving the appropriate number
of systems of nondegenerate linear equations. This se-
quence of actions is as follows.

1) At first, we select in random order, one by one,
nonlinear terms of the MPR, each of which contains at
least one variable to a power not lower than two. Let it be
a variable x;. Then we carry out an active experiment at

the following values of input variables: x; = x;, i = 1,n,
Vx; € [c,d],n =t = rrballle (see the formula (1)). For

the segment [c, d], we have: any input variable can take in
a limited active experiment any value from this segment.
X = X i =1,m, VI #j, xk, €[c,d] is the fixed
value of the variable x; when constructing the first UPR in
order.

Remark. As calculations have shown, for n = 10 and
¢ < d having the same sign, an active experiment must
use a sequence consisting of [ repetitions of the
subsequence xg, ..., Xy.

First, we find the estimates of the coefficients at non-
linear terms of the MPR by all the equations containing
only one variable. Then, we substitute the values of the
estimates into the redundant representation of the MPR
(1). Next, for each equation containing more than one
indeterminate factor at nonlinear terms of the redundant
representation of MPR (1), we execute the appropriate
number of active experiments to find the estimates for
nonlinear terms of UPRs. In each of the experiments,
Xip=x, i=1n x; =xlz, i=1n VI#j, t=2T,
where T is the number of indeterminate factors for non-
linear terms of the MPR given by the redundant represen-
tation which are included in this equation. The values of
V[, are chosen so that the corresponding system of line-
ar equations containing indeterminate factors at nonlinear
terms of the MPR given by the redundant representation
(1) is nondegenerate. This can always be realized. The
estimates found for nonlinear terms of the MPR are substi-
tuted into the redundant representation (1). After that, the
next equation containing indeterminate factors at nonline-
ar terms of the MPR is analyzed, etc. Then, we consider
the next nonlinear term with an indeterminate factor of the
MPR given by the redundant representation (1). The coef-
ficient must contain at least one input variable to a power

not lower than two, and the algorithmic procedure de-
scribed above is repeated for it. As a result, we obtain es-
timates of the coefficients for all nonlinear terms of the
MPR given by the redundant representation which contain
at least one input variable to a power not lower than two.

2) The algorithmic procedure described in item 1) is
repeated sequentially for all nonlinear terms of the MPR
given by the redundant representation (1) which contain
input variables to a power not higher than one.

Remark 1. In this case, each active experiment has
the form: at least two, but not more than 7., input varia-
bles take the values of x;, i = 1,n, Vx; € [c,d]. Other
input variables take fixed values chosen so that the corre-
sponding systems of linear equations are nondegenerate.

Remark 2. The described methodology guarantees
finding of all estimates for nonlinear terms of the MPR
given by the redundant representation, using the estimates
of coefficients at nonlinear terms of the corresponding
UPRs. But it should be noted that each specific choice of a
sequence of nonlinear terms of the MPR given by the re-
dundant representation (1) differs from each other in its
execution complexity.

Remark 3. Paper [10] provides a detailed description
of solving a specific example.

Remark 4. If there are additional restrictions on the
active experiment, namely, not all input variables can take
the same values (x;; =xj,; =x;, i =1,n), then the
above method solves the problem if for each nonlinear
term of the MPR given by the redundant representation of
the form 3 b, x;, * x;, -+~ x;, there are at least two input
variables that can take the same values in the active expe-
riment.

Remark 5. The algorithmic procedure for estimating
the coefficients at linear terms of the MPR (1) and the
reliability degree of the obtained results in general are
givenin [12].

2. Partial cases of the redundant representation of an
MPR and of the possibilities of limited active experiment.

2.1. Suppose that the following situation is fulfilled
when using the algorithmic procedure of item 1).

a) in item 1) the first considered nonlinear term of the

redundant representation (1) contains the factor (xil)J L
Jji = 2, and the following holds for the input variable x;;:
there can be only one nonlinear term from the redundant
representation (1) that contains (x;,)"” vj, > 2.

b) each subsequent step of the algorithmic procedure
of item 1) is executed for the nonlinear term for which the
condition a) is fulfilled.

Remark. Nonlinear terms of (1) containing the cho-
sen input variable to a power not lower than two may not
correspond to the condition a) but estimates of the coeffi-
cients for them were found in the previous steps of the
algorithm.

c) the number of factors in each nonlinear term of the
redundant representation (1) that contains input variables
to a power not higher than one does not exceed 7. .
while m can be greater than 7., and the steps of the
algorithmic procedure of item 2) are executed for non-
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linear terms of the redundant representation (1) which
contain the maximum number of factors.

Remark. In this case, we estimate at each step only
the coefficients given by a linear equality containing a
single variable.

The following statement is true.

Statement 2. If the conditions a)—c) are met then the
algorithmic procedure of items 1) and 2) surely finds es-
timates of the coefficients at all nonlinear terms of the
redundant representation (1), and an equation with a single
variable is solved to estimate each coefficient.

Proof. Statement 2 follows from the construction rule
of the linear equations (see [10]).

2.2. Suppose that the following condition is met at
each step of the algorithm of item 1) executed for a nonli-

near term containing the input variable (xil)”,jl > 2
d) there are no members containing input variables

(xil)] " in the redundant representation (1) whose coeffici-
ents were not estimated in the previous steps of the algo-
rithm.

Remark. A partial case of the condition d): in the re-
dundant representation (1) for ¥j > 2 any input variable
to a power j is included in only one nonlinear term.

Then the following statement is obviously true.

Statement 3. If the conditions d), c) are met, then the
algorithmic procedure of items 1), 2) surely finds esti-
mates of all coefficients at nonlinear terms, each of which
satisfies a linear equality with a single indeterminate.

2.3. Let the following condition be satisfied.

e) the active experiment allows to set the value of
any single input variable to zero; among all nonlinear

terms containing (xil)]”, Jp = 2, whose estimates of the
values of their coefficients were not found in the previous
steps of the algorithm, we have a single nonlinear term
(for which the corresponding step of the algorithm of item
1) is executed) that does not contain an input variable in-
cluded in all other nonlinear terms with indeterminate

factors containing (xl-l)“’. This variable is set to zero dur-
ing the active experiment. Then the following obvious
statement is true.

Statement 4. If the conditions €) (for each step of the
algorithm of item 1)) and c) are met then the algorithmic
procedure of items 1), 2) allows to find estimates of coef-
ficients at nonlinear terms of redundant representation (1)
by solving only linear equations with a single variable.

Finding the coefficients of a multivariate polyno-
mial given by a redundant representation in a deter-
ministic formulation. Consider the degenerate MPR
problem given by a redundant representation (1) for the
case when E = 0. Then the algorithmic procedure de-
scribed in items 1), 2), firstly, finds practically exact val-
ues of the coefficients (assuming that the corresponding
systems of linear equations are solved with a predeter-
mined accuracy), and secondly, allows the following
simplifications.

e the total number of tests in the active experiment

to build each univariate polynomial does not ex-
ceed Tiax;

e it is quite appropriate to use only one set of
NOPFs;

o the coefficient values at the linear terms of a
multivariate polynomial given by the redundant
representation are found with an algorithmic pro-
cedure similar to that of item 2) of the previous
section using the NOPFs to the powers zero and
one.

Conclusions. 1. We have stated the problem of
building a multivariate polynomial given by a redundant
representation in stochastic and deterministic formula-
tions, based on the results of an active experiment.

2. A description of the integral algorithmic procedure
for solving the problem in both formulations is given. It is
based on building univariate polynomial regressions and
solving nondegenerate systems of linear equations.

3. We have proved the possibility of using a single
set of normalized orthogonal polynomials of Forsythe to
estimate the coefficients of a univariate polynomial re-
gression.

4. Quite practical partial cases of redundant represen-
tation were considered which simplify the problem solu-
tion as much as possible.

5. We have given a modification of the general algo-
rithmic procedure to solve the problem in its deterministic
formulation.
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