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CONSTRUCTION OF A MULTIVARIATE POLYNOMIAL GIVEN BY A REDUNDANT DESCRIPTION 

IN STOCHASTIC AND DETERMINISTIC FORMULATIONS USING AN ACTIVE EXPERIMENT 

We present the methods for constructing a multivariate polynomial given by a redundant representation based on the results of a limited active experi-
ment. We solve the problem in two formulations. The first is the problem of constructing a multivariate polynomial regression given by a redundant 

representation based on the results of a limited active experiment. The solution method is based on the previous results of Professor A. A. Pavlov and 

his students showing the fundamental possibility of reducing this problem to the sequential construction of univariate polynomial regressions and 
solving the corresponding nondegenerate systems of linear equations. There are two modifications of this method. The second modification is based on 

proving for an arbitrary limited active experiment the possibility of using only one set of normalized orthogonal polynomials of Forsythe. The second 

formulation refers to the solution of this problem for a particular but sufficient from the practical point of view case when an unknown implementation 
of a random variable is not added to the initial measurement results during an active experiment. This method is a modification of the solution method 

for the multivariate polynomial regression problem. Also, we used the main results of the general theory (which reduces the multivariate polynomial 

regression problem solving to the sequential construction of univariate polynomial regressions and solution of corresponding nondegenerate systems of 
linear equations) to consider and strictly substantiate fairly wide from the practical point of view particular cases leading to estimating the coefficients 

at nonlinear terms of the multivariate polynomial regression as a solution of linear equations with a single variable. 

Keywords: least squares method, multivariate polynomial regression, normalized orthogonal polynomials of Forsythe, redundant representa-

tion, linguistic variable, limited active experiment 

О. А. ПАВЛОВ, М. М. ГОЛОВЧЕНКО, В. В. ДРОЗД 

ПОБУДОВА БАГАТОВИМІРНОГО ПОЛІНОМА, ЗАДАНОГО НАДЛИШКОВИМ ОПИСОМ В 

СТОХАСТИЧНІЙ ТА ДЕТЕРМІНОВАНІЙ ПОСТАНОВКАХ, З ВИКОРИСТАННЯМ АКТИВНОГО 

ЕКСПЕРИМЕНТУ 

Наведені методи побудови багатовимірного полінома, заданого надлишковим описом, за результатами обмеженого активного експерименту. 

Задача розв’язується в двох постановках. Перша – як задача побудови багатовимірної поліноміальної регресії, заданої надлишковим описом, 

за результатами обмеженого активного експерименту. Наведений метод розв’язання базується на попередніх результатах професора 
О. А. Павлова та його учнів, в яких показана принципова можливість зведення цієї задачі до послідовної побудови одновимірних поліноміа-

льних регресій та розв’язання відповідних невироджених систем лінійних рівнянь. Приводяться дві модифікації методу. Друга модифікація 

базується на доведенні для довільного обмеженого активного експерименту можливості використання лише одного набору нормованих 
ортогональних поліномів Форсайта. Друга постановка – це розв’язання цієї задачі для часткового, але достатнього з точки зору практики 

випадку, коли на вихідні результати вимірювання при проведенні активного експерименту не додається невідома реалізація випадкової 

величини. Викладений метод є модифікацією методу розв’язання задачі багатовимірної поліноміальної регресії. Також, використовуючи 
основні результати загальної теорії, що зводить розв’язання задачі багатовимірної поліноміальної регресії до послідовної побудови однови-

мірних поліноміальних регресій та розв’язанню відповідних невироджених систем лінійних рівнянь, розглянуті та строго обґрунтовані до-

статньо широкі з точки зору практики часткові випадки надлишкового опису, що приводять до знаходження коефіцієнтів при нелінійних 
членах багатовимірної поліноміальної регресії як розв’язку лінійних рівнянь з однією змінною. 

Ключові слова: метод найменших квадратів, багатовимірна поліноміальна регресія, нормовані ортогональні поліноми Форсайта, над-

лишковий опис, лінгвістична змінна, обмежений активний експеримент 

Introduction. Modern applied information systems 

use formal models of informatization objects. Their relia-

ble design is still a non-trivial scientific and applied prob-

lem. In particular, the problem of constructing a mul-

tivariate polynomial regression (MPR) is still the subject 

of research by scientists [1–8]. Papers [9, 10] addressed 

the following problem. We have an MPR given by the re-

dundant representation 

 𝑦(𝒙) =
∑𝑏𝑖1,…, 𝑖𝑡

𝑗1,…, 𝑗𝑡(𝑥𝑖1)
𝑗1
(𝑥𝑖2)

𝑗2
⋯(𝑥𝑖𝑡)

𝑗𝑡
+ 𝐸,

∀(𝑖1, … ,  𝑖𝑡)∈𝐾, ∀(𝑗1, … ,  𝑗𝑡)∈𝐾(𝑖1, … , 𝑖𝑡)
  (1) 

where 𝒙 = (𝑥1, … , 𝑥𝑛)
T is a deterministic vector of in-

put variables, 𝐸 is a random variable with arbitrary distri-

bution, its mathematical expectation 𝑀𝐸 = 0, variance 

Var(𝐸) = 𝜎2 < ∞. The value or the upper bound 𝜎2 is 

known. The work [10] descripts in the most detail the 

methodology and its implementation algorithms for find-

ing efficient estimates of the values of coefficients at non-

linear terms of the redundant representation (1). The algo-

rithms allow to exclude redundant nonlinear terms from 

(1) practically exactly. The main idea is that giving an 

MPR with a redundant representation allows to find with a 
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given accuracy (a limitation on the variance value) the 

estimates of the coefficient values for nonlinear terms of 

the univariate polynomial regressions (UPRs) of the form 

 𝑌(𝑥) =𝜃0 + 𝜃1𝑥 + …+ 𝜃𝑟𝑥
𝑟 + 𝐸 (2)  

where 𝑥 is a scalar deterministic input, with solving the 

corresponding surely nondegenerate systems of linear 

equations. The variables of the systems are the estimates 

of the coefficients at nonlinear terms of the MPR (1). We 

will give two modifications of this method. The second 

modification contains the proof of the fact that it is possi-

ble to use, without reducing the accuracy, only one set of 

normalized orthogonal polynomials of Forsythe (NOPFs). 

We derive formulas for the variance of coefficient esti-

mates for nonlinear terms of UPRs for this case. Paper [9] 

presents algorithms for estimating the coefficients of 

linear terms of the MPR (1) and building a linguistic vari-

able, the value of which is a qualitative characteristic of 

the solution reliability for the problem as a whole. Finally, 

we give a modification of the proposed algorithms for the 

case when Var(𝐸) = 0. This problem arises when the 

researcher can specify, up to the coefficient values, only 

the redundant representation (1) while performs the output 

measurements in a limited active experiment (∀𝑥 ∈ [𝑐, 𝑑], 
𝑐 < 𝑑 are arbitrary real numbers) accurately. 

Finding and studying the efficiency of estimates of 

coefficient values for nonlinear terms of a UPR. Let the 

UPR look like (2). Paper [11] gives the following result. 

Let a univariate polynomial have the form 

  𝑦(𝑥) =𝜃0 + 𝜃1𝑥 + …+ 𝜃𝑟𝑥
𝑟 , (3) 

let 𝑥 = 𝑎𝑧 + 𝑏 where 𝑎, 𝑏 are arbitrary constants. Then 

there is one-to-one correspondence between the coeffi-

cients 𝛾0, 𝛾1, … 𝛾𝑟 of the polynomial 

𝑦(𝑧) =𝜃0 + 𝜃1(𝑎𝑧 + 𝑏) + 𝜃2(𝑎𝑧 + 𝑏)
2 +⋯+  

+ 𝜃𝑟(𝑎𝑧 + 𝑏)
𝑟 = 𝛾0 + 𝛾1𝑧 + ⋯+ 𝛾𝑟𝑧

𝑟 (4) 

in the form 

  𝑨𝒓(

𝜃0
𝜃1
…
𝜃𝑟

) = (

𝛾0
𝛾1
…
𝛾𝑟

) (5) 

where the matrix 𝑨𝒓 is the upper triangular one: 

𝑨𝒓 =

(

 
 

1     
 𝑎  𝑎𝑖𝑗  

  𝑎2   
 0  ⋱  
    𝑎𝑟)

 
 
. (6) 

This result allows to obtain estimates of the coefficients at 

nonlinear terms of the UPR (2) based on the results of a 

limited active experiment 𝑥𝑖 → 𝑦𝑖 , 𝑖 = 1, 𝑛 ∀𝑥𝑖 ∈ [𝑐, 𝑑], 
𝑐 < 𝑑 are arbitrary real numbers, 𝑥1 = 𝑐 < 𝑥2 < ⋯ <

< 𝑥𝑛 = 𝑑, 𝑥𝑗 − 𝑥𝑗−1 = const, 𝑗 = 2, 𝑛, using only the 

results of a virtual active experiment for a virtual UPR 

problem 

  𝑦(𝑧) = 𝛾0 + 𝛾1𝑧 + ⋯+ 𝛾𝑟𝑧
𝑟 + 𝐸 (7) 

(𝑧𝑖 → 𝑦𝑖 , 𝑖 = 1, 𝑛) where 

  𝑎 =
𝑑 − с

𝑧𝑛 − 𝑧1
> 0, 𝑏 = 𝑥1 −

𝑑 − с

𝑧𝑛 − 𝑧1
∙ 𝑧1,  

setting, for example, 

𝑧1 = −|𝑝| < 𝑧2 < ⋯ < 𝑧𝑛 = 𝑝 > 1,  

𝑧𝑗 − 𝑧𝑗−1 = 𝑐𝑜𝑛𝑠𝑡, 𝑗 = 2, 𝑛. (8) 

The values of the scalar input variable 𝑥 of the UPR 

(2) are related to the values of the scalar input variable 𝑧 

of the virtual UPR (7) by the expression 

  𝑥𝑗 =  𝑎𝑧𝑗 + 𝑏, 𝑗 = 2, 𝑛, 𝑥1 = 𝑐. (9) 

This allows for arbitrary 𝑐 < 𝑑 to use at the given 𝑛 

only one set of NOPFs 𝑄𝑗(𝑧), 𝑗 = 0, 𝑟, built for the values 

of the scalar variable 𝑧 (8). Indeed [12], let the NOPF be 

𝑄𝑗(𝑧) = 𝑞𝑗0 + 𝑞𝑗1𝑧 + ⋯+ 𝑞𝑗𝑗𝑧
𝑗 , 𝑗 = 0, 𝑟, where the 

numbers 𝑞𝑖𝑗 , 𝑗 = 0, 𝑟, are obtained by numbers 𝑧𝑗 , 

𝑗 = 1, 𝑛 (see (8)). Then the estimates 𝛾𝑗 , 𝑗 = 0, 𝑟, 

obtained by the least squares method (LSM) according to 

the results of a virtual experiment 𝑧𝑖 → 𝑦𝑖 , 𝑖 = 1, 𝑛  

(𝑦𝑖 , 𝑖 = 1, 𝑛, are the output results of an active 

experiment for a UPR (2) for 𝑥𝑖 , 𝑖 = 1, 𝑛, which are 

related to the values of 𝑧𝑖 , 𝑖 = 1, 𝑛, by the expressions (8), 

(9)), have the form 

𝛾𝑗 = �̂�𝑟𝑞𝑟𝑗 +⋯+ �̂�𝑗𝑞𝑗𝑗 , 𝑗 = 0, 𝑟, (10) 

�̂�𝑗 = ∑ 𝑦𝑖
𝑛
𝑖=1 𝑄𝑗(𝑧𝑖), 𝐷�̂�𝑗 = 𝜎2, (11) 

𝑀𝛾𝑗 = 𝛾𝑗 , 𝐷𝛾𝑗 = 𝜎2∑ 𝑞𝑖𝑗
2𝑗

𝑖=𝑟 . (12) 

The values of 𝛾𝑗 , 𝑗 = 0, 𝑟, by virtue of the LSM are 

  arg min
𝛾0,𝛾1,…,𝛾𝑟

(𝑦𝑖 − ∑ 𝛾𝑗𝑧𝑖
𝑗𝑟

𝑗=0 )
2

. (13) 

Let �̂�𝑗, 𝑗 = 0, 𝑟, be the solution to the system of lin-

ear equations 

  𝑨𝒓(

𝜃0
𝜃1
…
𝜃𝑟

) = (

𝛾0
𝛾1
…
𝛾𝑟

), (14) 

where the variables are 𝜃𝑗 , 𝑗 = 0, 𝑟. Then the following 

statement is true. 

Statement 1. �̂�𝑗, 𝑗 = 0, 𝑟, are 

  arg min
𝜃0,𝜃1,…,𝜃𝑟

∑ (𝑦𝑖 − ∑ 𝜃𝑗𝑥𝑖
𝑗𝑟

𝑗=0 )
2

𝑛
𝑖=1 .  

Proof will be done by contradiction. Suppose  
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∑ (𝑦𝑖 −∑ 𝜃𝑗𝑥𝑖
𝑗𝑟

𝑗=0 )
2
>𝑛

𝑖=1    

> min
𝜃0,𝜃1,…,𝜃𝑟

∑ (𝑦𝑖 − ∑ 𝜃𝑗𝑥𝑖
𝑗𝑟

𝑗=0 )
2

𝑛
𝑖=1    

and 𝜃𝑗
∗, 𝑗 = 0, 𝑟, are arg min

𝜃0,𝜃1,…,𝜃𝑟
∑ (𝑦𝑖 − ∑ 𝜃𝑗𝑥𝑖

𝑗𝑟
𝑗=0 )

2
𝑛
𝑗=1 . 

Suppose 𝛾𝑗
∗, 𝑗 = 0, 𝑟, are found from the system of linear 

equations 

  (

𝛾0
∗

𝛾1
∗

…
𝛾𝑟
∗

) = 𝑨𝒓(

𝜃0
∗

𝜃1
∗

…
𝜃𝑟
∗

). (15) 

Then, due to the one-to-one correspondence of 

solutions (15) and equations ∑ 𝜃𝑗
∗𝑥𝑖

𝑗𝑟
𝑗=0 = ∑ 𝛾𝑗

∗𝑧𝑖
𝑗𝑟

𝑗=0 ,  

𝑖 = 1, 𝑛, the condition (13) is not fulfilled. Statement 1 is 

proved. 

Corollary. When using NOPFs for 𝑟 ≤ 𝑟max, at a 

fixed 𝑛 ≥ 𝑟 for arbitrary 𝑐 < 𝑑 ([𝑐, 𝑑] is the range of pos-

sible values of the scalar deterministic variable in the UPR 

(2) problem, for 𝑥1 = 𝑐 < 𝑥2 < ⋯ < 𝑥𝑛 = 𝑑, 𝑥𝑗 − 𝑥𝑗−1 = 

= const, 𝑗 = 2, 𝑛; the estimates �̂�𝑗, 𝑗 = 2, 𝑟, can be found 

using a single set of NOPFs 𝑄𝑗(𝑧), 𝑗 = 2, 𝑟, built, for 

example, for 

𝑧1 = −|𝑝| < 𝑧2 < ⋯ < 𝑧𝑛 = 𝑝 > 1,  

𝑧𝑗 − 𝑧𝑗−1 = const, 𝑗 = 2, 𝑛. (16) 

Remark. A set of NOPFs (16) is built for 𝑄𝑗(𝑧), 

𝑗 = 0, 𝑟max. 

Values of the coefficients 𝑞𝑖𝑗 , 𝑖, 𝑗 = 0, 𝑟, must be 

found in advance with a predetermined accuracy. 

Corollary 1. We suggest choosing the segment 
[−|𝑝|, 𝑝], 𝑝 > 1, from empirical considerations related to 

finding ∀𝑞𝑖𝑗 , 𝑖, 𝑗 = 0, 𝑟 (10) with a given accuracy and 

the fact that for a symmetric segment [−|𝑝|, 𝑝], 𝑝 > 1, the 

number of tests 𝑛 to obtain efficient estimates of the UPR 

coefficients is the lowest [10]. 

Corollary 2. Condition (16) increases the efficiency 

of using an active experiment consisting of a repeating 

dataset 𝑥1, … , 𝑥𝑛 for obtaining variances of the estimates 

�̂�𝑗 , 𝑗 = 2, 𝑟, with a given accuracy. 

Corollary 3. The values of variances Var(�̂�𝑗), 

 𝑗 = 0,1, do not allow to guarantee their accuracy in 

advance at a small number of tests [11]. In this case we 

offer: 

 to form a data set 𝑥1
∗, … , 𝑥𝑛1

∗  for 𝑛1 ≥ 𝑛 such that 

the matrix (𝑨T𝑨)−1 [12] is nondegenerate; 

 check the reliability degree of the found esti-

mates �̂�𝑗, 𝑗 = 0, 𝑟, that corresponds to the value 

of the linguistic variable introduced in [9]. 

To use only one set of NOPFs (16), we need to find 

the values of variances Var(�̂�𝑗), 𝑗 = 2, 𝑟, by the values of 

Var(𝛾𝑗), 𝑗 = 2, 𝑟, given by the formula (12) [12]. 

The structure of the coefficient’s matrix 𝑨𝒓 of the 

system of linear equations (5) allows us to get a solution 

for �̂�𝑗 , 𝑗 = 2, 𝑟, in the following form: 

�̂�𝑟 =
1

𝑎𝑟
𝛾𝑟;    �̂�𝑟−1 =

1

𝑎𝑟−1
(𝛾𝑟−1 −

𝑎𝑟−1,𝑟
𝑎𝑟

𝛾𝑟)  

and in general form 

 �̂�𝑟−𝑗 = 𝑏𝑟−𝑗,1𝛾𝑟−𝑗 + 𝑏𝑟−𝑗,2𝛾𝑟−𝑗+1 +⋯+  

+𝑏𝑟−𝑗,𝑗+1𝛾𝑟 , 𝑗 = 0, 𝑟 − 2. (17) 

Remark. Practical recommendation for choosing a 

value of 𝑝 > 1 is this: the value of 𝑝 should be such that 

for almost all values of 𝑐 < 𝑑 in any limited active exper-

iment we have 𝑎 =
1

𝑘
 where 𝑘 ≥ 1 is an integer or real 

number with a limited number of decimal places. Then we 

have no division operation when finding the coefficients 

∀𝑏𝑙,𝑚 of the system of equations (17). 

By virtue of (10) we have 

 �̂�𝑗 = 𝑏𝑟−𝑗,1∑ �̂�𝑙𝑞𝑙𝑗
𝑗
𝑙=𝑟 + 𝑏𝑟−𝑗,2∑ �̂�𝑙𝑞𝑙𝑗

𝑗+1
𝑙=𝑟 +⋯+   

+ 𝑏𝑟−𝑗,𝑗+1�̂�𝑟𝑞𝑟𝑗 = ∑ 𝑐𝑙𝑗�̂�𝑙
𝑗
𝑙=𝑟 , 𝑗 = 2, 𝑟. (18) 

By virtue of (11) and the following property of �̂�𝑗,  

𝑗 = 0, 𝑟 [12]: 

  ∀𝑙 ≠ 𝑚 cov(�̂�𝑙 , �̂�𝑚) = 0,  

if  �̂�𝑙, �̂�𝑚 considered to be random variables, we obtain: 

  Var(�̂�𝑗) = 𝜎2(∑ 𝑐𝑙𝑗
𝑗
𝑙=𝑟 )

2
, 𝑗 = 2, 𝑟. (19) 

Thus, we have two possible algorithms for finding 

estimates �̂�𝑗 , 𝑗 = 2, 𝑟, for the UPR problem (2), 𝑥 ∈ [𝑐, 𝑑].  

The first algorithm. Find such 𝑛; 𝑥1 = 𝑐 < 𝑥2 < 

< ⋯ < 𝑥𝑛 =  𝑑, 𝑥𝑗 − 𝑥𝑗−1 = const, 𝑗 = 2, 𝑛; coefficients 

with a given accuracy of the NOPFs 

  𝑄𝑗(𝑥), 𝑗 = 0, 𝑟 (20) 

by the values of 𝑥1, … , 𝑥𝑛; 𝑙 as the number of repetitions 

of the subsequence 𝑥1, … , 𝑥𝑛 in an active experiment that 

guarantees compliance with the restrictions on the varian-

ces Var(�̂�𝑗), 𝑗 = 2, 𝑟 (see the results of Pavlov A. A., Ka-

lashnik V. V., Kovalenko D. A. presented in [10]). 

Remark. In this case, we use the set of NOPFs (20), 

and the active experiment consisting of 𝑙 repetitions of the 

subsequence 𝑥1, … , 𝑥𝑛 allows to reduce the variances 

Var(�̂�𝑗), 𝑗 = 2, 𝑟, in 𝑙 times compared to an active exper-

iment consisting of a sequence 𝑥1, … , 𝑥𝑛. 

The second algorithm. To find the estimates of �̂�𝑗,

𝑗 = 2, 𝑟, use for an arbitrary limited active experiment 

(𝑥 ∈ [𝑐, 𝑑]) the single set of NOPFs (16), the number 𝑙 of 

repetitions of the subsequence 𝑥1, … , 𝑥𝑛 in a limited active 

experiment for the UPR problem (2) is set by the analysis 

of the values of Var(�̂�𝑗), 𝑗 = 2, 𝑟, by the formula (19). 
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Methodology and algorithms for estimating coeffi-

cients at nonlinear terms of an MPR given by a re-

dundant representation. As a whole, the methodology 

and algorithms for estimating coefficients at nonlinear 

terms of an MPR given by a redundant representation 

were given in [10]. In this section, based on a brief de-

scription of this methodology, we will present partial cas-

es of the general problem which are of practical im-

portance and significantly facilitate the problem solution 

and increase the accuracy of estimating the coefficients at 

nonlinear terms of the MPR. 

Remark. We suggest having the content of the article 

[10] for a detailed analysis of the following results. 

1. In [10], the sequence of actions is given that leads 

to the guaranteed possibility of finding the estimates of the 

coefficients at nonlinear terms of an MPR by estimates of 

the coefficients at nonlinear terms of UPRs after sequen-

tial building of UPRs and solving the appropriate number 

of systems of nondegenerate linear equations. This se-

quence of actions is as follows. 

1) At first, we select in random order, one by one, 

nonlinear terms of the MPR, each of which contains at 

least one variable to a power not lower than two. Let it be 

a variable 𝑥𝑗. Then we carry out an active experiment at 

the following values of input variables: 𝑥𝑗𝑖 = 𝑥𝑖 , 𝑖 = 1, 𝑛,

∀𝑥𝑖 ∈ [𝑐, 𝑑], 𝑛 ≥ 𝑟max = max
∀𝑙

𝑗𝑙  (see the formula (1)). For 

the segment [𝑐, 𝑑], we have: any input variable can take in 

a limited active experiment any value from this segment. 

𝑥𝑙𝑖 = 𝑥𝑙fix
1 , 𝑖 = 1, 𝑛, ∀𝑙 ≠ 𝑗, 𝑥𝑙fix

1 ∈ [𝑐, 𝑑] is the fixed 

value of the variable 𝑥𝑙  when constructing the first UPR in 

order. 

Remark. As calculations have shown, for 𝑛 = 10 and 

𝑐 < 𝑑 having the same sign, an active experiment must 

use a sequence consisting of 𝑙 repetitions of the 

subsequence 𝑥1, … , 𝑥𝑛. 

First, we find the estimates of the coefficients at non-

linear terms of the MPR by all the equations containing 

only one variable. Then, we substitute the values of the 

estimates into the redundant representation of the MPR 

(1). Next, for each equation containing more than one 

indeterminate factor at nonlinear terms of the redundant 

representation of MPR (1), we execute the appropriate 

number of active experiments to find the estimates for 

nonlinear terms of UPRs. In each of the experiments, 

𝑥𝑗𝑖 = 𝑥𝑖 , 𝑖 = 1, 𝑛, 𝑥𝑙𝑖 = 𝑥𝑙fix
𝑡 , 𝑖 = 1, 𝑛, ∀𝑙 ≠ 𝑗, 𝑡 = 2, 𝑇, 

where 𝑇 is the number of indeterminate factors for non-

linear terms of the MPR given by the redundant represen-

tation which are included in this equation. The values of 

∀𝑥𝑙fix
𝑡  are chosen so that the corresponding system of line-

ar equations containing indeterminate factors at nonlinear 

terms of the MPR given by the redundant representation 

(1) is nondegenerate. This can always be realized. The 

estimates found for nonlinear terms of the MPR are substi-

tuted into the redundant representation (1). After that, the 

next equation containing indeterminate factors at nonline-

ar terms of the MPR is analyzed, etc. Then, we consider 

the next nonlinear term with an indeterminate factor of the 

MPR given by the redundant representation (1). The coef-

ficient must contain at least one input variable to a power 

not lower than two, and the algorithmic procedure de-

scribed above is repeated for it. As a result, we obtain es-

timates of the coefficients for all nonlinear terms of the 

MPR given by the redundant representation which contain 

at least one input variable to a power not lower than two. 

2) The algorithmic procedure described in item 1) is 

repeated sequentially for all nonlinear terms of the MPR 

given by the redundant representation (1) which contain 

input variables to a power not higher than one. 

Remark 1. In this case, each active experiment has 

the form: at least two, but not more than 𝑟max input varia-

bles take the values of 𝑥𝑖 , 𝑖 = 1, 𝑛, ∀𝑥𝑖 ∈ [𝑐, 𝑑]. Other 

input variables take fixed values chosen so that the corre-

sponding systems of linear equations are nondegenerate. 

Remark 2. The described methodology guarantees 

finding of all estimates for nonlinear terms of the MPR 

given by the redundant representation, using the estimates 

of coefficients at nonlinear terms of the corresponding 

UPRs. But it should be noted that each specific choice of a 

sequence of nonlinear terms of the MPR given by the re-

dundant representation (1) differs from each other in its 

execution complexity. 

Remark 3. Paper [10] provides a detailed description 

of solving a specific example. 

Remark 4. If there are additional restrictions on the 

active experiment, namely, not all input variables can take 

the same values (𝑥𝑗1𝑖 = 𝑥𝑗𝑙𝑖 = 𝑥𝑖 , 𝑖 = 1, 𝑛), then the 

above method solves the problem if for each nonlinear 

term of the MPR given by the redundant representation of 

the form ∑𝑏𝑖1,…, 𝑖𝑡
1,… ,1 𝑥𝑖1 ∙ 𝑥𝑖2⋯𝑥𝑖𝑡  there are at least two input 

variables that can take the same values in the active expe-

riment. 

Remark 5. The algorithmic procedure for estimating 

the coefficients at linear terms of the MPR (1) and the 

reliability degree of the obtained results in general are 

given in [12]. 

2. Partial cases of the redundant representation of an 

MPR and of the possibilities of limited active experiment. 

2.1. Suppose that the following situation is fulfilled 

when using the algorithmic procedure of item 1). 

a) in item 1) the first considered nonlinear term of the 

redundant representation (1) contains the factor (𝑥𝑖𝑙)
𝑗𝑙
,

𝑗𝑙 ≥ 2, and the following holds for the input variable 𝑥𝑖𝑙 : 

there can be only one nonlinear term from the redundant 

representation (1) that contains (𝑥𝑖𝑙)
𝑗𝑝
 ∀𝑗𝑝 ≥ 2. 

b) each subsequent step of the algorithmic procedure 

of item 1) is executed for the nonlinear term for which the 

condition a) is fulfilled. 

Remark. Nonlinear terms of (1) containing the cho-

sen input variable to a power not lower than two may not 

correspond to the condition a) but estimates of the coeffi-

cients for them were found in the previous steps of the 

algorithm. 

c) the number of factors in each nonlinear term of the 

redundant representation (1) that contains input variables 

to a power not higher than one does not exceed 𝑟max, 

while 𝑚 can be greater than 𝑟max, and the steps of the 

algorithmic procedure of item 2) are executed for non-
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linear terms of the redundant representation (1) which 

contain the maximum number of factors. 

Remark. In this case, we estimate at each step only 

the coefficients given by a linear equality containing a 

single variable. 

The following statement is true. 

Statement 2. If the conditions a)–c) are met then the 

algorithmic procedure of items 1) and 2) surely finds es-

timates of the coefficients at all nonlinear terms of the 

redundant representation (1), and an equation with a single 

variable is solved to estimate each coefficient. 

Proof. Statement 2 follows from the construction rule 

of the linear equations (see [10]). 

2.2. Suppose that the following condition is met at 

each step of the algorithm of item 1) executed for a nonli-

near term containing the input variable (𝑥𝑖𝑙)
𝑗𝑙

, 𝑗𝑙 ≥ 2: 

d) there are no members containing input variables 

(𝑥𝑖𝑙)
𝑗𝑙

 in the redundant representation (1) whose coeffici-

ents were not estimated in the previous steps of the algo-

rithm. 

Remark. A partial case of the condition d): in the re-

dundant representation (1) for ∀𝑗 ≥ 2 any input variable 

to a power 𝑗 is included in only one nonlinear term. 

Then the following statement is obviously true. 

Statement 3. If the conditions d), c) are met, then the 

algorithmic procedure of items 1), 2) surely finds esti-

mates of all coefficients at nonlinear terms, each of which 

satisfies a linear equality with a single indeterminate. 

2.3. Let the following condition be satisfied. 

e) the active experiment allows to set the value of 

any single input variable to zero; among all nonlinear 

terms containing (𝑥𝑖𝑙)
𝑗𝑝
, 𝑗𝑝 ≥ 2, whose estimates of the 

values of their coefficients were not found in the previous 

steps of the algorithm, we have a single nonlinear term 

(for which the corresponding step of the algorithm of item 

1) is executed) that does not contain an input variable in-

cluded in all other nonlinear terms with indeterminate 

factors containing (𝑥𝑖𝑙)
𝑗𝑝

. This variable is set to zero dur-

ing the active experiment. Then the following obvious 

statement is true. 

Statement 4. If the conditions e) (for each step of the 

algorithm of item 1)) and c) are met then the algorithmic 

procedure of items 1), 2) allows to find estimates of coef-

ficients at nonlinear terms of redundant representation (1) 

by solving only linear equations with a single variable. 

Finding the coefficients of a multivariate polyno-

mial given by a redundant representation in a deter-

ministic formulation. Consider the degenerate MPR 

problem given by a redundant representation (1) for the 

case when 𝐸 ≡ 0. Then the algorithmic procedure de-

scribed in items 1), 2), firstly, finds practically exact val-

ues of the coefficients (assuming that the corresponding 

systems of linear equations are solved with a predeter-

mined accuracy), and secondly, allows the following 

simplifications. 

 the total number of tests in the active experiment 

to build each univariate polynomial does not ex-

ceed 𝑟max; 

 it is quite appropriate to use only one set of 

NOPFs; 

 the coefficient values at the linear terms of a 

multivariate polynomial given by the redundant 

representation are found with an algorithmic pro-

cedure similar to that of item 2) of the previous 

section using the NOPFs to the powers zero and 

one. 

Conclusions. 1. We have stated the problem of 

building a multivariate polynomial given by a redundant 

representation in stochastic and deterministic formula-

tions, based on the results of an active experiment. 

2. A description of the integral algorithmic procedure 

for solving the problem in both formulations is given. It is 

based on building univariate polynomial regressions and 

solving nondegenerate systems of linear equations. 

3. We have proved the possibility of using a single 

set of normalized orthogonal polynomials of Forsythe to 

estimate the coefficients of a univariate polynomial re-

gression. 

4. Quite practical partial cases of redundant represen-

tation were considered which simplify the problem solu-

tion as much as possible. 

5. We have given a modification of the general algo-

rithmic procedure to solve the problem in its deterministic 

formulation. 
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