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ASSESSING THE INFORMATIVENESS OF THE CONTROLLED PARAMETERS IN THE TASK OF
IDENTIFYING THE STATE OF THE SYSTEM

The effectiveness of solving the problem of identifying the system state significantly depends on the number of controlled parameters and the degree of
their informativeness. The traditional method for assessing the informativeness of these parameters is based on the measure of distance between the
probability distributions of the values of the controlled parameter for different states of the system proposed by Kullback. The shortcomings of Kullback
measure have been revealed. Firstly, the value of this measure is not normalised and is not limited from above. Secondly, this measure is asymmetric,
i.e. its numerical value depends on the way its components enter the calculation ratio. The method for calculating the informativeness criterion proposed
in this paper takes into account the uncertainty that arises due to the fuzzy description of the boundaries of the areas of possible values of the controlled
parameters for each of the possible states of the system. An important enhancement of the known methods for assessing the informativeness of the
controlled parameters is to take into account the real existing inaccuracy in estimating the values of the results of measuring these parameters themselves.
These circumstances determine the subject and purpose of the study that is the development of a method for calculating the distance between the
distributions of fuzzy values of the controlled parameter, free from the shortcomings of the Kullback measure. To calculate the measure of the distance
between the distributions of the values of the controlled parameter under conditions of uncertainty of the initial data, described in terms of fuzzy
mathematics, a symmetric criterion is proposed, which is easily calculated. Examples of the criterion calculation are given. The possibilities of increasing
the level of informativeness of the criterion using analytical descriptions of membership functions of fuzzy values of the controlled parameter for different
states of the system are considered.
Keywords: identification of system states, Kullback information measure, assessment of informativeness of fuzzy controlled parameter.
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OIIHKA IHOOPMATHUBHOCTI KOHTPOJIbOBAHUX ITAPAMETPIB Y 3ABJIAHHI
INIEHTU®IKAIII CTAHY CHCTEMHA

EdexTuBHICTS po3B’s3aHHS 3a7adi ifeHTH(IKALI] cTaHy CHCTEMH CYTTEBO 3aJEXKHUTh BiJl KUIBKOCTI KOHTPOIBOBAHMX HMapaMeTpiB i CTYHEHsS IXHBOI
iHdopmaTuBHOCTI. TpajuILiiiHa TEXHOIOTIS OL[iHIOBaHHS 1HPOPMATUBHOCTI LMX HapaMeTpPiB CIUPAETHCS Ha 3anpornoHoBaHy Kyiaps0akoMm Mipy BiacraHi
MK HMOBIPHICHIMH PO3MOIiIaMH 3HAYSHb KOHTPOJIbOBAHOTO TApaMeTpa Ul PI3HHUX CTaHiB cucteMu. Busineni Henomiku Mipu Kynb6aka. [To-niepiie,
3Ha4YeHHs Liel Mipu He HOpMOBaHe 1 He oOMexeHe 3BepXy. Ilo-mpyre, g Mipa acuMeTpH4Ha, TOOTO ii YHCeNbHE 3HAYECHHS 3aJIeKUTH BiJ CHOCOOY
BXO/DKCHHI ii KOMITOHEHTIB y PO3paxyHKOBE CITiBBiJHOIICHHsI. 3alIPOIIOHOBAHA B POOOTI TEXHOJIOTIsI pO3paXyHKY KPHTEPito iHPOPMATHBHOCTI BpaxoBye
HEBH3HAYCHICTB, 1110 BUHUKAE BHACIIOK HEYITKOCTI OIUCY MeX 00JacTeil MOXKIIMBUX 3HAYCHb KOHTPOJIbOBAHHX NapaMeTPiB ULl KOKHOTO 3 MOXKIIHBUX
CTaHIB CHCTEeMH. BakiiBe NMOCHIEHHS BIOMHX TEXHOJIOTIH OLIHIOBAaHHS iH(OPMATHBHOCTI KOHTPOJBOBAHUX INapaMeTpiB IOJSrac y BpaxyBaHHI
peabHO ICHYI0UO0I HETOYHOCTI OLIHIOBAHHS 3HAYEHb CAMUX PE3y/IbTATiB BUMIPIOBAHHS [[HX apaMeTpiB. 3a3HaueHi 00CTaBHHH BU3HAYAIOTH MTPEAMET i
METy JOCIIKEHHS. — pO3pOOJIEHHsST METO[a PO3PAaXyHKY BIJICTaHI MIX PO3MOALIAMH HEUYITKHX 3HAa4€Hb KOHTPOJIBbOBAHOTO IAapaMeTpa, BUIBHOIO BiJ
HenonikiB Mipu Kyms0aka. [l po3paxyHKy MipH BiCTaHI MDK pO3IOIIJIaMH 3HA4eHb KOHTPOJBOBAHOTO IIapaMeTpa B yMOBaX HEBH3HAYEHOCTI
BUXIJJHUX JaHUX, OMMCAHUX Yy TEPMiHAX HEYITKOI MaTeMaTHKH, 3alPOIOHOBAHO CHMETPUYHHMU KPUTEpid, SIKHH Jerko oduucmoerbes. HaeneHo
MPUKJIAAN PO3PAXyHKY KpHUTepito. PO3IISIHYTO MOXIMBOCTI 301MIbIIEHHS PiBHS iHPOPMATUBHOCTI KPUTEPIIO 3 BUKOPUCTAHHSAM AaHAJITUYHUX OMHCIB
(yHKIiiT HATEKHOCTI HETiTKUX 3HAUSHb KOHTPOJIHOBAHOTO ITapaMeTpa IS Pi3HUX CTaHIB CHCTEMH.

KuarouoBi cioBa: inentudikamis craniB cucremu, inpopmaniiina Mipa KynbOaka, ominka iHGOPMAaTHBHOCTI HEYITKOTO KOHTPOIbOBAHOTO
apamerpa.

Introduction. Assessing the state of the system based
on the results of processing a set of controlled parameters
is a typical task of everyday practice. The elementary
mathematical model of this problem is formulated as
follows.

Itis assumed that the system can be in one of the many
(H,,H,,...,H,,) states, for the identification of which the
parameters X = (X, X,,...,X,) are used.

Let from theoretical considerations (or based on the
results of processing preliminary observations) a matrix of
conditional distribution densities of random values of
controlled parameters for possible states of the system be
obtained: f(x;/H)), i=12...,m;j=12..,n.

It is clear that the task of analyzing the results of

observations is the simpler, the smaller the number of
controlled parameters.

The natural way to reduce this number is to estimate
the informational value of the parameters and select the best
ones.

Analysis of known results. One of the traditional
approaches is the calculation and comparison of the
“distance” between the distributions of random values of
controlled parameters for various system states using the
Kullback measure [1, 2].

This measure is introduced as follows. To assess the
information value of a specific controlled parameter x used

to identify system states, for example, H, and H, the
Kullback numerical criterion is calculated by the for-
mula (1):

r,=F(f(x /H), f(x /H,))=

FO THY) o (1)

:j f(x /H,)log o TH)
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In a particular case, for Gaussian distributions o) -02,
= +0,);
1 (X— )2 A& 020- 2 (ml 1 )
f(x/H,) = exp{— o) L. 1o
! 2 20,2 ' 2
70y 1 A - mo,” —m,o;” .
. 2 B oo’ '
f(x/H,)= ! exp{—(X mj) } L
\2ro, 20, m’c,’ —m,’c,
A3 - 2 2
We have 0, 0,
© Then
. exp{_w}x
1,2 2
R o mlog %o ()
) o, 20,0, )
exp {_ (X2_0_m1) } -o; (022 —0'12)— 2(m12022 -m,’o )j|
lo ! dx = .
8 g (x— 2) The approach proposed by Kullback to assessing the
exp 2.2 informativeness of indicators has obvious shortcomings.
) A -
The most significant of them is the asymmetry of the
w introduced ratio, which leads to unpredictable differences
1 (x-m,)*
= I exp{ il }Iog in the results of calculating the measure "when the nature
Nex 20 ! of the occurrence of f(x/H,) and f(x/H,) in formula
) ) (1) changes. Secondly, the measure of informativeness of
xexp{{(x—mzl) - (x—mzz) }}dx_ (1) is not normalized. Numerical value 7 is equal to zero,
20, 20, if the distribution densities f(x/H,)and f(x/H,)

. ) coincide, and can take on an arbitrarily large, not limited
_ J~ 1 exp{— (x—m,) Hlogﬁ_ from above, value otherwise [3-5]. Thirdly, the analytical
e \/Zal 20, o, complexity of the construction of criterion (1) leads in
many practical cases to the need to use numerical
{(x—ml)z (X_mZ)Zﬂdx integration [6, 7]. Finally, fourthly, the Kullback measure

Oy

is designed to distinguish between distributions of random
variables and cannot be used directly if the uncertainty of

the initial data is described differently, for example, in
ex p{ (x- ml) }L(x)dx terms of fuzzy set theory. This situation requires special

2 2
20, 20,

Iog———J' J_a

consideration. The point is the following. The functioning
of real systems, as a rule, occurs in changing conditions. At

l

2 _2 2 2_2 the same time, the mechanism of formation of the observed
L() = olo,) (X o, —2XMo; +Mo, values of the controlled parameters of the environment and
the system changes. As a result, the axiomatic requirements
_XZGlZ + 2xm22c)—12 _ mzzglz) = of probability theory are violated. Under these conditions,
the level of adequacy of empirical distribution densities
X(0,2 - 0) - 2x(M 5,2 —m,0?) + m2o,? —m, o) obtained by continuous approximation of histograms
= T ) formed from the results of experiments may turn out to be
01 92 unsatisfactory. The natural correct alternative is to use
o fuzzy mathematics formalisms.
7, =log—=%— In accordance with this, the purpose of the research is
21 to develop a criterion for the distinguishability of
, s distributions of fuzzy values, free from the shortcomings of
J‘ expd— (X m)* | (o," —a,")x dx— the Kullback criterion, in the problem of choosing
J_ 7o, 20} oo, parameters for identifying the state of systems.
Development of a criterion for the
2 (x=m)? | (mo,” —m,o.%)x distinguishability of distributions of fuzzy values. Let’s
—ZJ eXpy— 2 7 2 dx + consider the standard procedure for using some parameter
: \/Eo-l 20, 0,0,

of an object to diagnose its state. Let an object be in one of
} two states H, or H, . Let's introduce membership functions

Tl X— m’c,” -mj o’
EXP{ ( mzl) }( % 2 %1 )dX = of (L—R) type of fuzzy controlled parameter x for the
2 N2ro; 20, .

states H, and H,:

+

= |Og%—%(Ai—2A2 +A3); Hy, (X) =<my, e, >I/JH2(X) =<My, a,, 3, >
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The simplest special case, when these functions are
triangular, is shown in fig. 1.

A
Hyp (x)
Hi, (x)
1
1 1 3
I T T T T L
m —a mom, —o, m o+ f m, w,+f, X

Fig.1. Membership functions z, (X), t,, (X)

In this case, the area of possible observed values of
the parameter x is divided into subareas:

I, =[m -a,,m, —a,] —is the subarea of values x, that
can be observed only if the object is in state H, ;

I, =[m, +4,m,+pB,] — is the subarea of values x ,
that can be observed only when the object is in state H,;

I, =[m,—a,,m +B] —isthe subarea of values x
that can be observed for both state H, and state H,
(compatibility interval);

I, =[m —e,m + B ]ulm, —a,,m, + ,] —is the area of
all possible observed values of the parameter x

Now let's introduce the criterion:

Tzll—’z. 3)

It is easy to see that criterion (3) is free from the
shortcomings of the Kullback criterion (1). Indeed, the
calculation result of the criterion calculation does not
depend on the order of calculation of its components.
Further, this criterion is normalized.

The criterion 7 is 0 (z=0) if the length of the

compatibility interval 1, is equal to 0, that is, the areas

of possible values of the parameter x for the states H, and
H, do not intersect.

The criterion 7is 1 (z=1) if the areas of possible
values of the parameter x for the states H, and H,

coincide. Thus, the length of the compatibility interval 1 ,

in a certain, easily interpreted way, characterizes the
informativeness value of the parameter x .

At the same time, for describing the uncertainty of the
initial data, it is proposed to use membership functions of
(L-R) type that are convenient for carrying out
calculations. Thus, the task is solved.

It is clear that the level of informativeness of the
criterion clearly depends on the length of the compatibility
interval 1,,. Wherein, if the observed value of the

controlled parameter turns out to be within this interval,

then this fact, in itself, does not contain any information
regarding the state of the object. However, this information
can be extracted using analytical descriptions of the
membership functions of controlled parameters for
different states of the object H, and H, . The desired effect
is achieved as follows.

For each of the membership functions of the values of
the controlled parameter, we define its probabilistic
counterpart. To this end, we determine the areas under the
curves given by the functions z, (x) and 4, (x).

Let's introduce
m+ B
S, = j fy, (X)X ;
m -
my+ 4,

S,= |, (X)x

my—a;
Then

. Hy, (X)
fi, () ==
SZ
(4)
Hp, (X)
S,
The functions given by formulas (4) have all the
properties of the distribution densities of random values
[8, 9]: they are nonnegative and

T i, (X)dx =1;

i, (X) =

T Ay, (X)dx =1.

As a result, they can be used to calculate the
probabilities that the observed values of the controlled
parameter x fall into the interval 1, for the states H, and

H,:

m 4+,

R, (xely)= [, ()dx ©)
m A

P, (xel,)= j £, (X)dx. (6)

Possible differences in the numerical values of the
obtained probabilities contain additional information about
the state of the object, increasing the information value of
the controlled parameter. Let's consider examples.

Example 1. Let's introduce triangular functions  of
(L —R) type of a fuzzy controlled parameter x for the states

H, and H, (fig.2):
0,x <10;
x-10

10 < x < 25;

,qu(X):
40_X,25sxs40;

0, x > 40;
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0,x < 30; ™A X — 30
P(xal)—jm()xj =

X 30,303x<55; ms — 25- 20

X) =
400129 . ¢ |40 30x 40
15 ’ T 2.25.2030 25.20(30
0,x > 70.
m+f; 40

40-x
P, (xel)= 1, (X)dx = dx =

A.uf::{x) Hl( © ) mz‘[azlqu() 3";1515

#,,E(X)
1 40x_ 140 7 0oy
T15.15[30 21515130

Example 2. Let's introduce the membership functions
of the controlled parameter x for the states H, and H,

(fig.3):
> 0,x<10
X p—
X 10,10sx<35;
X) =
Fig. 2. Graphs s, (X), 4y, (X) Hi, () 40—x )
The interval 1, of compatibility of possible values x 0.x > 40"
for H, and H, is I, =[30;40]. Now, using formulas (4)-
(6), we calculate the probabilities that the parameter x will 0,x < 30;
fall into 1,, for H, and H,. -
Welie 2 X=30 30<x<65;
X) =
:qu( ) 70— x
m+f 1 J‘
S = 7 (x)dx_— (x-10)dx +— | (40—x)dx =
ml‘[ " j 155 0,x>70.
2|25 25 40 2|40 A
=i{i -4m‘}+1{m4 —i-}:w; #, (1)
15| 2 |10 10| 15 25 2125 ()
my+f, 55 70 1
x—30 70—x
x)dx = dx+ dx = 20.
ju( ) j - j
0,x<10
X710 o< x <25
. My, (¥) _]15.15
/qu(X) = S 40— x
! ,25 < x < 40;
15.15
0.x>40; Fig. 3. Graphs 11, (X), #y,(X)
0,x < 30; The compatibility interval of possible values x for
x-30 H,and H, is | =[30;40], that is, it coincides with this
,10 < x < 25 . .
()= e () _]25.20° interval in example 1. Further we have:
o (X) =
2 s, 70—
=X g5 < x<70; A 1%¥x-10  1740-x
15.20 S, = j ;4h()d %) % -j =
0,x>70. m—a
Then 1 X—235—10X 35 +l 40x 40_x_2 40
25| 2 |10 10| 5 3B 235 7
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m,+/5, 65 70
X— 30 1770-x
= X x—— = dx = 20.
ja i, =30 ) 55 ]
0,x<10
X— 10
. ty, (X) | 25.15 A0 x <35
A0 =75 =40 x
! ,35< x<40;
5.15
0, x > 40;
Then
0,x < 30;
X230 a5 <x<65;
. uHZ() 35.20°
A, ) ="g =70
2 ,65<x<70;
5.20
0,x>70.
It follows that
m+p 40
40-x
P, (xel)= 1, (X)dx = dx =
, (xel) mlaz”“l() 3{0515
_40x [0 x* |40
 5.15(30 2.5-15[30
m+fy
X 30
P.(xel)= X)dx = =
= ] =[50
2 40 40
X _ 30 1996 o,
2-35.20(30 35-20130

Example 3. Let's introduce the membership functions
of the controlled parameter x for the states H, and H,

(fig.4):

0,x<10
x-10

,10< x <15;

X) =
/qu( ) 40—

, 15 < x <40;

0, x > 40.

0, x < 30;
x—-30

,30< x < 35;

X) =
IUHZ( ) 70— x

0,x>70.

A
0, ()
Hyy, (x)

,qu (X) ’qu (X)

< ¥

Fig. 4. Graphs 4, (X), t4, (X)

The compatibility interval of possible values x for

H, and H, is still 1 =[30;40]. Further, similarly to
considered above, we have:
my+f,
I H, (X)dx = 20;

my+f,

j H, (X)0lx = 20.

m-a,
Then

0,x <10
x-10 10
qu(X) 5.15
S 40-X 15 <y < 40;
25.15

0,x > 40;

10 < x <15

/:‘H1 (x) =

0, x < 30;

X— 30

M, () _]'5.20
S, 10-x , 35 <X <70;

35-20

0,x>70.

,30 < x < 35

A, (%) =

It follows that

my+ Ay

P, (xel)= j fiy, (X)X = j

35
+
30

+_[ 10X 4 x* |35 30x
35. 20 ©2.5-20[30 5-20
40 x? |40
35 2-55-20|35

355

70x
+
35.20

=0,125=0,457;

m+f
240-x
R, (xel)= j fiy, (X)X = j2515 =

m, —a,

40 x> |40
30 2-25-15|30

_ 40x
25-15

=0,133.
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Let's analyze the results obtained in the examples.
The calculated values of the probabilities of falling the
controlled parameter x into the compatibility interval 1,

for different states of the object H, and H, obviously
depend on the analytical description of the membership
functions &, (X), 4y, (X) .

In the given examples, the membership functions of
the fuzzy parameter X are deliberately chosen so that their
carriers for the states H, and H, coincide, but their modal

values are different. Comparison of the calculated values of
the probabilities of the controlled parameter x falling into

the compatibility interval 1, for H, and H, shows the

existence of their significant differences.

Thus, a possible suggestive idea that the level of
informativeness of the controlled parameter depends only
on the length of the interval of compatibility of membership
functions for different states H, and H, is not quite

accurate. The use of analytical descriptions of these
membership functions and the associated possibility of
calculating the probabilities of a controlled parameter
falling into the compatibility interval can significantly
increase its informativeness. This circumstance is
especially important in cases where the length of the
compatibility interval is large.

Now it can be noted that the results of the carried out
research for the case when the set of possible states of the
object contains only two states can easily be extended to the
general case.

Let, for example, in the task of assessing the quality
of an object, the following states be possible: H, (low), H,

(satisfactory), H, (good), H, (excellent).

At the same time, for some controlled parameter X,
the membership functions s, (x), k =1,2,3,4, of values of

this parameter for each of the states are introduced (fig. 5).

A
Ly (x)

/qu(X) Hy, ()

1,2 Iz,s |3,4 X

Fig. 5. Graphs of membership functions of a controlled
parameter X in intervals of possible values

It is naturally that the compatibility intervals I, ,

l,5, 15, appear.
For eachinterval I, ,, let's calculate the probabilities

of the controlled parameter falling into this interval for the
states of the object H, and H,,, k=1,2,3,

My +f
P, (x)= I fly, (X)dx;
mk*ﬂ;
R (0= [ A4, (0dx;
My —Ain (7)
Hy, (X)

k

A, (%) =

my + By
S, = j fy, ()X, k =1,2.

m —ay

Possible differences in the wvalues of these
probabilities improve the accuracy of identifying the state
of the object.

One more step can be taken in this direction. Let for

the measured value x_ of the controlled parameter x, an

. A A .
interval [x_ 5 X, +E] be introduced that covers the true

value of this parameter with a given probability P . Let's
calculate the probability of the parameter value falling into
this interval for each of the possible states H, :

A
X +=

° 2
B, 0= [ sy (Qdx= s (x)-A k=12 (8)
A
xg—E
The results of calculating these probabilities for
different H, contain important information about the state
of the object. Let's consider the corresponding method.
Let's introduce:
an event A —is a fall of the value of the controlled
parameter into the compatibility interval;

R, (X) —is the probability that the parameter value

will fall into the compatibility interval, provided that the
objectis instate H, ,k=1,2.
Since

P(AH,)=P(A/H,)-P(H,)=P(H,/A)-P(A),

then
_P(A/H,)-P(H,)
P(H, / ) === ©
At the same time, since
P(A)=P(A/H,)-P(H)+P(A/H,)-P(H,) (10)
then, substituting (10) into (9), we obtain:
P(H, / &)= ALH) P (11)

> P(A/H,)-P(H,)

which corresponds to the Bayesian theorem [10, 11].

Thus, relations (8)—(11) provide the possibility of
constructive use of analytical descriptions of membership
functions of fuzzy values of the controlled parameter from
the compatibility interval to identify the probability
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distributions of the states of the monitored object. At the
same time, it is clear that any refinement of the description
of these membership functions creates the prerequisites for
increasing the informativeness of the corresponding
controlled parameters. Let's show that.

Let's return to the considered above problem of
assessing the informativeness of the controlled parameter
X, which is used to identify the states of the object H, and

H,.
Let,
functions  of

as before, the corresponding membership
(L-R) type have the form
py () =<py B> py (X)=<py0,B,>.

Let's now assume that, based on the results of
processing the initial data, the fuzziness of the parameter
m, of the odd value x for the state H, is established and
the corresponding membership function is determined as
follows g, (m)=<m, ., a, . B, >.

Let's analyze the situation. To this end, we recalculate
the probability that the value x falls into the compatibility
interval for the state H, . We have

My B, [ my+By

S, = I J. /qu(X)dX /qu(ml)dle:

my.— —
m,~ m, | M

my+py

[ a1, 090 |, (m;)dm, + (12)

m,
my

- |

[, 090+

My = A, | M—ay my

M =P [ my my+5;
+ [ ]| s 0dx+ [, (0dX g, (my)dmy;

m, my—a; my

M

. 1
i, (%) =, (X); (13)
S
M, m+8
PHI(XG l.) = f I ﬁHl(X)dX /&Hl(ml)dml+
mml—ozm1 my, —a,
mm1+ﬂm1 my+py (14)
+ j j fi, ()0 | 2, (m,)dm,.
M, m,—a,

Let's perform calculations using formulas (12)—(14),
choosing the initial data for y, (x) from Example 1, that is,

ty, (X)=<25;15;15>, and adding ¢, (M) =< 25;2;10 >.
As a result, we getR, (xel;,)=0,61 (instead of the pre-

vious 0.222). Thus, the shift to the right of the value of m,

expectedly has led to a noticeable increase in the numerical
value of the probability P, (xel,,), while increasing the

informativeness of parameter x.

Finally, it should be noted that some additional
contribution to the assessment of the informativeness of a
controlled parameter can be made by differences in the
level of membership functions of the observed value of this
parameter for different states of the system.

The direction of further research is the assessment of
the informativeness of the controlled parameters in a

situation where they are used to evaluate the effectiveness
of the system in a multicriteria problem. A possible
approach is proposed in [12].

Conclusions. A method for identifying the state of
systems under conditions of fuzzy initial data has been
developed.

A symmetrical criterion for evaluating the
informativeness of the controlled parameters of the system,
the values of which are not clearly specified, is proposed.
The situation is considered when the parameters of
membership functions of a fuzzy controlled parameter are
themselves fuzzy. A method for solving the binetch
problem that arises in this case is proposed.
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