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EFFICIENCY SUBSTANTIATION FOR A SYNTHETICAL METHOD OF CONSTRUCTING A 

MULTIVARIATE POLYNOMIAL REGRESSION GIVEN BY A REDUNDANT REPRESENTATION 

In recent years, the authors in their publications have developed two different approaches to the construction of a multivariate polynomial (in particular, 
linear) regressions given by a redundant representation. The first approach allowed us to reduce estimation of coefficients for nonlinear terms of a 

multivariate polynomial regression to construction of a sequence of univariate polynomial regressions and solution of corresponding nondegenerate 

systems of linear equations. The second approach was implemented using an example of a multivariate linear regression given by a redundant 
representation and led to the creation of a method the authors called a modified group method of data handling (GMDH), as it is a modification of the 

well-known heuristic self-organization method of GMDH (the author of GMDH is an Academician of the National Academy of Sciences of Ukraine 

O. G. Ivakhnenko). The modification takes into account that giving a multivariate linear regression by redundant representation allows for construction 
of a set of partial representations, one of which has the structure of the desired regression, to use not a multilevel selection algorithm, but an efficient 

algorithm for splitting the coefficients of the multivariate linear regression into two classes. As in the classic GMDH, the solution is found using a test 

sequence of data. This method is easily extended to the case of a multivariate polynomial regression since the unknown coefficients appear in the 
multivariate polynomial regression in a linear way. Each of the two approaches has its advantages and disadvantages. The obvious next step is to combine 

both approaches into one. This has led to the creation of a synthetic method that implements the advantages of both approaches, partially compensating 

for their disadvantages. This paper presents the aggregated algorithmic structure of the synthetic method, the theoretical properties of partial cases and, 
as a result, the justification of its overall efficiency. 

Keywords: univariate polynomial regression, multivariate polynomial regression, redundant representation, least squares method, test sequence, 

repeated experiment. 

Introduction. Multivariate linear and non-linear re-

gressions, constructed based on the results of active or pas-

sive experiments, are widely used in modern diagnostic in-

formation systems, in particular, medical ones, and in in-

formation management systems with a wide range of appli-

cations [1–10]. Universal methods for multivariate regres-

sions construction vary from classical statistical methods to 

heuristics, such as the group method of data handling 

(GMDH) or genetic algorithms. But none of them, due to 

the complexity of the problem, dominates the others. Exist-

ing methods complement each other. Therefore, scientific 

research in this field is still relevant. 

We give in the abstract, at a qualitative level, the char-

acteristics of a synthetic method of constructing a multivar-

iate polynomial regression (MPR) given by a redundant 

representation. In this paper, we explain the aggregated al-

gorithmic structure of the synthetic method, substantiate 

the logic of its construction, its theoretical properties, the 

properties of partial cases of redundant representations of 

MPRs that lead to the finding of coefficient estimates for 

nonlinear members of the MPR with acceptable accuracy. 

1. General theoretical provisions that we use. 
1.1. Univariate polynomial regression (UPR) [11]. Let a 

UPR be given in the form: 

 0 1( ) r

rY x = + x+…+ x +E   , (1) 

where E  is a random variable with an arbitrary distribu-

tion, its mathematical expectation 0ME , its variance 

 2DE , the variance or its upper bound is known. 

Research Article: This article was published by the publishing house of NTU "KhPI" in the collection 

"Bulletin of the National Technical University "KhPI" Series: System analysis, management and 
information technologies." This article is distributed under a Creative Common Creative Common 

Attribution (CC BY 4.0). Conflict of Interest: The author/s declared no conflict of interest. 

© Pavlov A. A., Holovchenko M. N., Drozd V. V., 2023 

https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


 ISSN 2079-0023 (print), ISSN 2410-2857 (online) 

 Вісник Національного технічного університету «ХПІ». Серія: Системний 

4 аналіз, управління та інформаційні технології, № 1 (9)’2023 

According to the results of the experiment  ii yx  , 

ni ,1 , nr  ,  dcxi , , where  

 
0 1

r

i i r i iy = + x +…+ x +    , (2) 

where i  is an implementation of a random variable E  in 

the i -th test, estimates of unknown coefficients can be 

found using normalized orthogonal polynomials of For-

sythe (NOPFs) constructed from the values of the input var-

iable nixi ,1,  . 

   0 1 , 0,j

j j j jjQ x = q +q x+…+q x j r . 

In this case, the UPR (1) has the form 

  
0

( )
r

j j

j

Y x Q x E


  , (3) 

  
1

ˆ , 0,
n

j i j i

i

= y Q x j r


 , (4) 

 ˆ ˆ ˆ , 0,j r rj j jj= q q j r     , (5) 

  2 2 2

1

ˆ ˆˆ ˆ, , ,
r

j j j j j j jj

j

M D M D q       


     . (6) 

1.2. A repeated experiment. A. Pavlov and D. Kova-

lenko proved that the results of a repeated experiment with 

k  repetitions of the main experiment  niyx ii ,1,   are 

equivalent to the experiment 

 

1

0
, 1,

k

p n ip

i

y
x i n

k



 
 
  
 
 


, 

and the variances of estimates j̂ , rj ,0 , decrease by the 

factor of k . 

1.3. Estimation of coefficients for nonlinear members 

of a UPR using a single set of NOPFs. It was shown in [12] 

that the estimates of the coefficients for nonlinear terms of 

a UPR (1) at arbitrary values of dc   can be found using 

only a single set of NOPFs based on the results of the fol-

lowing virtual experiment. We introduce a virtual deter-

ministic scalar variable z  and for its values 

 1 2 nz z z    (7) 

we find with the specified accuracy a set of NOPFs  zQ j , 

rj ,0 . Having put 

 1

1 1

0,
n n

d c d c
a b c z

z z z z

 
   

 
,  

  1, 1, ,i i nx az b i n x c x d     , (8) 

substituting bazx  , we reduce the UPR (1) to a virtual 

UPR 

    0 1( )
r

rY z = + az b +…+ az b +E       

 0 1

r

r+ z+…+ z +E   . (9) 

The coefficients rjjj ,0,,  , are in a mutually un-

ambiguous correspondence 

 

0 0

1 12

1

0

ij

r rr

a a

a

a

 

 

 

 
    
    
     
    
    
    

 

. (10) 

According to results of the main experiment 

 , 1,i ix y i n  , where nixi ,1,  , satisfy (8), we design 

a virtual experiment  niyz ii ,1,  . Based on the set of 

NOPFs constructed for nizi ,1,  , we find estimates 

rjj ,0,ˆ  , and based on the system of equations (10) we 

find estimates j̂ , rj ,0 . It is shown in [12] that 

 

2 2

, 0,
1 0 1 0

ˆ min
j

n r n r
j j

j j i j j i
j r

i j i j

y x y x


 


   

   
     

   
    . 

2. Estimation with acceptable accuracy of the coef-

ficients for nonlinear members of a UPR (1) using a sin-

gle set of NOPFs. 2.1. Justification of the number of tests 

n  of the main experiment and the choice of values of 

nizi ,1,  , of the virtual scalar variable z . With the ap-

propriate selection of the values of the virtual scalar varia-

ble z , expression (10) significantly simplifies the prelimi-

nary analysis and the input data formation for the main 

active experiment to obtain, with acceptable accuracy, esti-

mates of the coefficients for nonlinear terms of the UPR 

and, as will be shown later, an MPR. Such a requirement is 

for nr max  a compromise between the number of tests n  

of the main experiment and the value of variances of the 

estimates of the coefficients for nonlinear members of the 

virtual UPR (9). As a result of the analysis of the conducted 

experiments, the following compromise solution is 

proposed for 5max r : 10n , 501 z , 5010 z ,  

 1 const.i iz z z      In this case, 

 
6 2

2
ˆ 4.26 10D   , 9 2

3
ˆ 7.55 10D   , 

 
12 2

4
ˆ 1.4 10D   , 

15 2

5
ˆ 1.28 10D   , (11) 

that is, with an increase of j  by one, jD̂  is decreased by 

three orders of magnitude, starting from 2̂D . 

2.2. Justification of conditions for obtaining estimates 

for nonlinear members of a UPR (1) with acceptable accu-

racy. In [12], analytical expressions are given for variances 

of estimates j̂ , 2j , for a UPR (1). The expressions 

were obtained from the results of estimation by a virtual 

UPR (9). This makes it possible to determine, depending on 

the values of badc ,,,  (8), the number k  of repetitions of 

the main experiment (variances of the coefficient estimates 

j̂  are reduced by the factor of k ) that, using the three-
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sigma rule, leads to obtaining the estimates j̂ , 2j , with 

acceptable accuracy. Thus, when the repeated experiment 

turned out to be practically feasible, the problem has a so-

lution. 

Remark 1. The three-sigma rule for an arbitrary ran-

dom variable X  is formulated as follows. With a probabil-

ity of 0,89, any realization of X  belongs to the segment 

  3,3  MXMX , where DX . 

Remark 2. Due to the roughness of the three-sigma 

rule, the actual number of repetitions k  is significantly less. 

3. A decomposition method of estimating the coef-

ficients of an MPR given by a redundant representation. 
3.1. The problem formulation. Let an MPR be given by the 

following redundant representation [13]: 

      
     

1
1

1 1

1 1 1, , , , , , ,

,
t

t

t t

t t t

jj
j j

i i i i

i i K j j K i i

Y b x x E
   

 x   (12) 

where  
Τ

1, , mx xx  is a deterministic vector of input 

variables, 

  ,i i ix c d , 0ic  , 1,i m , (13) 

where E  is a random variable, 0ME ,  2DE .  

The values of the coefficients t

t

jj

iib


1

1
 are unknown ( 0

0b  is a 

constant). 

Remark 3. The condition 0ic , mi ,1 , corres-

ponds to the most common practical case. All the results 

obtained below are trivially extended to arbitrary real val-

ues of the numbers ii dc  , mi ,1 . 

3.2. The decomposition method [13] implements the 

methodology of reducing the estimation of nonlinear mem-

bers of an MPR (12) to the sequential construction of UPRs 

and the solution of the corresponding systems of linear 

equations, the variables of which are the estimates for the 

nonlinear members of the MPR (12). 

The general algorithmic scheme for obtaining esti-

mates for nonlinear members of the MPR (12) consists of 

two sub-algorithms [13]. 

3.2.1. Aggregated modified algorithmic scheme of the 

first sub-algorithm [13]. The l -th step ( 1Ll  , where 1L  is 

the total number of nonlinear components in (12), each of 

which contains at least one scalar variable raised to a power 

greater than or equal to two) is implemented for the next 

nonlinear term of the MPR (12), whose coefficient was not 

estimated at the previous steps of the first sub-algorithm 

and that contains a scalar variable to the maximum power. 

Let's denote it as 
pi

x . In the MPR (12), the scalar variable 

pix  is replaced with a virtual scalar variable z : 
pi

x  

pp ii bza  , where 
pi

a , 
pib  are found according to (8) for 

pidd  , 
pi

cc  . In the real main experiment, the scalar 

variable 
pix  takes the value according to (7), (8), and the 

other scalar variables in all tests take fixed values. In this 

case, the MPR (12) is transformed into a UPR, and the data 

of the main virtual experiment are found based on the main 

real experiment 

 F

, , , 1,
p

p
i i j i j i

j i
x x x y i n



 
    

 
, 

namely: 

   
 

1
1

1 1
1

1

1 1

, , , 1, ,
t

t

t t
lj jt

mi it m

jj
j j

i i i i i i i i

b J

z y b x x i n



 

 
   
 
 

 (14) 

where   1

1





l

m mJ  is the set of coefficients estimated with 

acceptable accuracy at the previous steps of the first sub-

algorithm. 

Remark 4. In a similar way, we found the data of a 

repeated virtual experiment, in which the number of output 

data is kniyi ,1,  , and the input data of the main experi-

ment is repeated k  times. 

Remark 5. The maximum degree of a UPR is pj . 

The number of UPRs constructed at the l -th step can 

be more than one if the corresponding coefficient(s) of the 

first UPR is (are) expressed linearly by several coefficients 

for the nonlinear terms of the MPR (12) not evaluated at the 

previous steps of the first sub-algorithm. 

The right-hand parts of the obtained nondegenerate 

systems of linear equations are the estimates for nonlinear 

terms of the UPRs. Their solutions are the estimates of the 

corresponding coefficients for nonlinear terms of the MPR 

(12). 

3.2.2. Aggregated modified scheme of the second 

sub-algorithm [13]. The l -th step ( 2Ll  , where 2L  is the 

number of nonlinear components in (12) of the form 11

1


 tiib  

tii xx 
1

 ) is implemented for a nonlinear coefficient 
11

1




lt
iib  

that was not evaluated at the previous steps and has a max-

imum value of lt . Each input variable 
jix , ltj ,1 , is ex-

pressed linearly by a virtual variable z : 
jjj iii bzax   ac-

cording to (8) for 
ji

cc  , 
ji

dd  , ltj ,1 . In the main ex-

periment, the variables 
jix , ltj ,1 , vary according to (7), 

(8). Other scalar input variables take fixed values in each 

test. The data of the virtual main experiment are determined 

based on the data of the main experiment 

   1

F

, , , 1, , , , , , 1,
t tl

i i i i j i j t i
j

x x x x j i i y i n     , 

namely: 

    
 

1
1

1 1
11

1 1

, ,
ˆ t

t

t t
Kj jt

mi it m

jj
j j

i i i i i i i i

b J

z y b x x


 


   



  

 

 
1

1
1

1 1

1 1

,1

ˆ , 1,
l

t l
lj jt

mi it m

t

i i i il

b G

b x i n






 


 



  , (15) 

where 1K  is the number of steps of the first sub-algorithm; 

mG  is a set of coefficients estimated with sufficient accu-

racy at the previous steps of the second sub-algorithm. 
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Remark 6. The data for the repeated virtual experi-

ment is found in a similar way. 

Remark 7. The maximum degree of a UPR is lt . 

3.3. Classes of redundant representations for which 

the coefficients for nonlinear terms of an MPR (12) are es-

timated completely or partially with acceptable accuracy. 

3.3.1. The redundant representation of (12) satisfies the fol-

lowing three conditions. 

1)   2,  l

j

i jx l

l
 can be included in only one compo-

nent of (12); 

2) for any two nonlinear components of (12) with co-

efficients lt

lt

it

it

pp

ll

jj

ii bb







1

1

1

1
,  the following is true: 

    1 1, , , ,
i lt ti i l l ; (16) 

3)   0 , , 1,i ic d i m  , (17) 

where m  is the number of input variables. 

Then the l -th step of the first sub-algorithm of the de-

composition method implemented for the input scalar vari-

able   2, p

j

i jx p

p
, of the nonlinear component of (12) 

    
1

1

1 1

t
t

t t

jj
j j

i i i ib x x  (18) 

must satisfy the following additional conditions. In all tests 

of the active experiment, in each component of (12) 

    t

t

t

t

j

i

j

i

jj

ii xxb 


1

1

1

1
,  


1
1

1

1


 l

m m

jj

ii Jb t

t
 (see (14)), one input 

scalar variable whose index is not included in the set 

 
it

ii ,,1   (18) is equal to zero. In this case, the linear equa-

tion for estimating t

t

jj

iib


1

1
 (18) has the form 

  1

1

F

ˆ

1

ˆ
p

t

t p m p p jp

tj
j j

i i i i j j

m
m p

b a x   



   , (19) 

where 
pj̂  is the estimate of 

pj
  — the coefficient of the 

corresponding virtual UPR (depending on its meaning, it is 

a realization or a random variable), and 
pj

 ˆ  is the realiza-

tion of a random variable with zero mathematical expecta-

tion and the variance equal to 
pjD̂  (if 

pj̂  is considered a 

random variable). Let   01  
t
l lj  (this is an expertly set 

upper bound on the value of t

t

jj

iib


1

1
 below which the cor-

responding component (18) is excluded from the redundant 

representation (12) as not essential). Then the values of 

mi ix
m
F

, pim  , are set equal to pmdx
mm ii  ,0F

, and 

thereby the number of repetitions of the main experiment 

that guarantees the fulfillment of the inequality 

    1

1ˆ

1

10
p

j p mp

tj
t
li l i

m
m p

a j d 






    (20) 

(with the corresponding probability, using the three-sigma 

rule), is the minimum possible. 

Remark 8. To obtain the estimate (20), the three-

sigma rule is applied to the random variable 
pj̂ , which 

realization is used to find the estimate of the coefficient 

t

t

jj

iib


1

1

ˆ  (18). 

If 

    1

1

ˆ
p

p p m

tj
t
lj i l i

m
m p

a j d  




   , (21) 

then the component (18) is excluded from the redundant 

representation (12). In the opposite case, we have found an 

estimate of the coefficient for the component (18) with an 

acceptable accuracy (20). 

The l -th step of the second sub-algorithm of the de-

composition method implemented for the component 

 


t

l

iii lt
xb

1

11

1


 , maxt , (22) 

must satisfy the following additional conditions. In all tests 

of the active experiment in each component of (12) of the 

form     t

t

t

t

j

i

j

i

jj

ii xxb 


1

1

1

1
,      


1
11

11

1


 l

m m

K
m m

jj

ii GJb t

t
 

(see (15)), one input scalar variable whose index does not 

belong to the set  tii ,,1   (22) is equal to zero. The linear 

equation for estimating 
11

1


 tiib  (22) has the form 

 
1

1 1

ˆ

1

ˆ
t l t

t

i i i t t

l

b a   


   , (23) 

where t̂  is the estimate of t  — the coefficient of the cor-

responding virtual UPR. Let the number of repetitions of 

the main experiment be feasible to fulfill, based on the 

three-sigma rule, the limitation 

  1

ˆ

1

10
t l

t

i

l

t a 



  . (24) 

Then, if  

  
1

ˆ
l

t

t i

l

t a 


  , (25) 

then the component (22) is excluded from the redundant 

representation (12). In the opposite case, we have found an 

estimate of the coefficient 
11

1


 tiib  (22) with an acceptable ac-

curacy (24). 

Thus, if all the repeated experiments are feasible, the 

decomposition method allows you to find all estimates for 

nonlinear terms of the MPR (12) with acceptable accuracy. 

Corollary. If for some steps of the first or second sub-

algorithms the required number of repetitions of the main 

experiment is unfeasible, then the corresponding coeffi-

cients are not estimated, and conditions (15), (16) allow 

such components of the redundant representation (12) to be 

excluded from other steps of the first and second sub-algo-

rithms. 

Remark 9. Each step of the first and second sub-algo-

rithms estimates only one coefficient of the MPR (12). 

3.3.2. The redundant representation (12) is given by 

the following four conditions. 
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The first condition: all input variables included in the 

redundant representation (12) of the form t

t

jj

iib


1

1
 

    t

t

j

i

j

i xx 1

1
 ,  


t

l lj1
2 , have a range of acceptable 

values  
li

d,1 , tl ,1 . 

The second condition: if an arbitrary input variable is 

included in an arbitrary component of (12) to a power 

greater than or equal to two, it is no longer included in any 

other component of (12) of the form     t

t

t

t

j

i

j

i

jj

ii xxb 


1

1

1

1
, 

 


t

l l tj
1

1 . 

The third condition: all nonlinear components of the 

form  

t

l iii lt
xb

1

11

1


  do not have common input variables.  

The fourth condition: no input variable included in 

any component of (12) that has 2 pj , is included in any 

component of (12) whose coefficient has the form 
11

1


 tiib , 

2t . 

Let the number of repetitions of the main experiment 

for an arbitrary step of the first and second sub-algorithms 

be feasible for obtaining, using the three-sigma rule, the 

estimates: 

a) for the first sub-algorithm: 

    1
1ˆ 10

p

p p

j
t
li la j 
  ; (26) 

b) for the second sub-algorithm: estimate (24). 

Then, if during the implementation of an arbitrary step 

of the first and second sub-algorithms, the fixed input vari-

ables included in the nonlinear terms of the MPR in expres-

sions (14), (15) are set equal to one, then in expressions 

(14), (15) from the values of iy  will be subtracted the val-

ues of 
 




t

t

jj

iib


1

1

ˆ , which will differ in modulus from the val-

ues of 
 




t

t

jj

iib


1

1
, due to estimates (24), (26) and the rough-

ness of the three-sigma rule, by values that can be practi-

cally neglected. Then all estimates for non-linear terms of 

the MPR (12) are found with acceptable accuracy. 

Remark 10. The number of repetitions of the main ex-

periment can be real if 3
1ia , mi ,1 . This is also true for 

the second sub-algorithm for the class 3.3.1. 

Remark 11. The number of repetitions of the main ex-

periment at some steps of the first sub-algorithm can be sig-

nificantly smaller, if for this step the estimate for 
p

 ˆ  is of 

the form (20). That is, some input variables that are not in-

cluded in (14), (15) can take maximum values. 

Remark 12. If we exclude the third and fourth condi-

tions imposed on the redundant representation (12), then 

the decomposition method implements only the first sub-

algorithm.  

Remark 13. Each step of the decomposition method 

for the redundant representation (12) that satisfies the four 

or the first two conditions of the class 3.3.2, estimates only 

one coefficient of the redundant representation (12). 

3.3.3 (generalization of the class 3.3.2). A redundant 

representation (12) satisfies the first condition of the class 

3.3.1. ii dc  , 0ic , mi ,1 , are arbitrary numbers. The 

second condition is set based on the results of the imple-

mentation of the following version of the decomposition 

method. When performing the l -th ( 2l ) step of the first 

sub-algorithm for the term     lt

lt

lt

lt

j

i

j

i

jj

ii xxb 



1

1

1

1
, the fixed 

values of the input variables in (14), which are not part of 

the set  
lt

ii xx ,,
1
 , are set modulo the minimum possible. 

When implementing an arbitrary step of the second sub-al-

gorithm, all fixed variables included in (15) take modulo 

minimum values. 

Let the number of repetitions of the main experiment 

for each step of the first and second sub-algorithms be fea-

sible to fulfill constraints (20), (24). Then the second con-

dition imposed on the redundant representation (12) is 

  1

1
1

ˆ 10 , 2t

t

j j pt
li i lb j p     , or 

  1

1
1

ˆ t

t

j j t
li i lb j   . 

It is obvious that for any real values of ii dc  , 

mi ,1 , maxr  (the maximum degree of the virtual UPR) 

there is such a small enough value of the natural number p  

that the replacement of exact values of t

t

jj

iib


1

1
 in expressions 

(14), (15) with their estimates is statistically guaranteed to 

have practically no effect on the values of coefficient esti-

mates for nonlinear terms of the MPR (12). 

Remark 14. Only one coefficient of the MPR (12) is 

estimated at each step of the decomposition algorithm. 

3.3.4. The redundant representation of the MPR (12) 

is arbitrary, the random variable 0E . Such a case occurs 

when E  is a measurement error and is neglected having 

sufficient measurement accuracy. In this case, the general 

algorithmic procedure of the decomposition method accu-

rately finds the values of all coefficients for the nonlinear 

terms of (12). The exact values of the coefficients for linear 

terms, including the constant, are found by the usual inter-

polation procedure, which consists in solving a system of 

linear equations with the number of variables 1m , where 
m  is the number of input variables. 

The advantage of the decomposition method over an 

arbitrary interpolation method lies is two-fold: the coeffi-

cients for nonlinear terms of the redundant representation 

are estimated using only a single set of NOPFs found with 

a given accuracy; the needed-to-solve nondegenerate sys-

tems of linear equations have a significantly smaller dimen-

sion than the number of nonlinear components of (12), and 

in most cases the dimension is equal to one. 

3.3.5. The redundant representation (12) is arbitrary. 

In general case, the detailed formalization of the first and 

second sub-algorithms for finding estimates with sufficient 

accuracy is inefficient. A visual analysis of the specific re-

dundant representation (12) using the above theoretical re-

sults allows for each specific case to create an efficient se-

quence of steps of an individual algorithm of the decompo-

sition method (which can be a step of the first or second 
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sub-algorithm in any order), which leads to estimation with 

acceptable accuracy of the maximum number of coeffi-

cients for nonlinear terms of the MPR (12). 

4. A modified group method of data handling 

(MGMDH). As a result of the implementation of the de-

composition method, we obtained a set  J  of coefficients 

for nonlinear terms of the MPR (12) estimated with ac-

ceptable accuracy. 

Remark 15. Insignificant coefficients are excluded 

from the redundant representation (12) and the set  J . 

To obtain the final result, we propose to use the 

MGMDH described in [14] to construct a multivariate lin-

ear regression (MLR) given by a redundant representation. 

Indeed, the problem of constructing an MPR given by a 

redundant representation (12) was reduced to the following: 

      
   

 
1

1

1 1

1

1
\

,
t

t

t t
j jt

i it

jj
j j

i i i i

b J

Y b x x f x E


  x      (27) 

where      
 

1
1

1 1
1

1

ˆ t
t

t t
j jt

i it

jj
j j

i i i i

b J

f b x x
 

 x . 

The regression problem without any changes (to an 

accuracy of the content of the columns of the matrix A  in 

the expression  
1

T Τ


A A A  of the general formula of the 

least squares method) can be solved by the method [14], 

since all unknown coefficients are included linearly in ex-

pression (27). 

Remark 16. As shown in [14], the use of k  repetitions 

of the main experiment significantly increases the compu-

tational efficiency of the MGMDH. Namely, the variance 

of estimates is reduced by a factor of k , and only the ma-

trices of the main experiment are used in the general for-

mula of the least squares method. 

Remark 17. The MGMDH can solve the problem of 

constructing an MPR given by a redundant representation 

based also on the results of a passive experiment. In this 

case, disappear only the advantages of an active experi-

ment: the possibility of using repetitions of the main exper-

iment. 

Conclusions. 1. We considered the aggregated algo-

rithmic scheme of the universal synthetic method of con-

structing an MPR given by a redundant representation. The 

synthetic method organically combines the decomposition 

method of estimating coefficients for nonlinear terms of the 

MPR with acceptable accuracy and the modified group 

method of data handling. 

2. We presented theoretically justified classes of re-

dundant representation of MPR, which allow to estimate 

fully or partially coefficients for nonlinear terms of an MPR 

with acceptable accuracy. 

3. We substantiated the possibility of extending the 

modified group method of data handling, created for esti-

mating the coefficients of an MLR given by a redundant 

representation, to the case of estimating the coefficients of 

an MPR given by a redundant representation. 
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ОБҐРУНТУВАННЯ ЕФЕКТИВНОСТІ СИНТЕТИЧНОГО МЕТОДУ ПОБУДОВИ БАГАТОВИМІРНОЇ 

ПОЛІНОМІАЛЬНОЇ РЕГРЕСІЇ, ЗАДАНОЇ НАДЛИШКОВИМ ОПИСОМ 

Протягом останніх років автори в своїх публікаціях паралельно розвивали два різних підходи до побудови багатовимірних поліноміальних, 

зокрема, лінійних регресій, заданих надлишковим описом. Перший підхід дозволяв знаходження оцінок коефіцієнтів при нелінійних членах 
багатовимірної поліноміальної регресії зводити до побудови послідовності одновимірних поліноміальних регресій та розв’язання відповідних 

невироджених систем лінійних рівнянь. Другий підхід був реалізований на прикладі багатовимірної лінійної регресії, заданої надлишковим 

описом, і привів до створення методу, названого авторами модифікованим методом групового урахування аргументів (МГУА), так як він є 
модифікацією широко відомого методу евристичної самоорганізації МГУА (автор МГУА – академік НАН України О. Г. Івахненко). 

Модифікація полягає в тому, що завдання багатовимірної лінійної регресії надлишковим описом дозволяє для побудови множини часткових 

описів, один з яких має структуру шуканої регресії, використовувати не багаторівневий селекційний алгоритм, а ефективний алгоритм 
розбиття коефіцієнтів багатовимірної лінійної регресії на два класи. Як і в класичному МГУА, розв’язок знаходиться за допомогою 

перевірочної послідовності даних. Цей метод легко поширюється на випадок багатовимірної поліноміальної регресії, так як невідомі 

коефіцієнти в багатовимірну поліноміальну регресію входять лінійно. Кожен з двох підходів має свої переваги і недоліки. Очевидним 
наступним кроком є поєднання обох підходів в один. Це призвело до створення синтетичного методу, який реалізує переваги обох підходів, 

частково компенсуючи їх недоліки. В цій роботі наведена агрегована алгоритмічна структура синтетичного методу, теоретичні властивості 

часткових випадків і, як наслідок, обґрунтування його ефективності в цілому. 
Ключові слова: одновимірна поліноміальна регресія, багатовимірна поліноміальна регресія, надлишковий опис, метод найменших 

квадратів, перевірочна послідовність, повторний експеримент. 
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