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AN ADAPTIVE METHOD FOR BUILDING A MULTIVARIATE REGRESSION 

We propose an adaptive method for building a multivariate regression given by a weighted linear convolution of known scalar functions of deterministic 
input variables with unknown coefficients. As, for example, when multivariate regression is given by a multivariate polynomial. In contrast to the general 
procedure of the least squares method that minimizes only a single scalar quantitative measure, the adaptive method uses six different quantitative 
measures and represents a systemically connected set of different algorithms which allow each applied problem to be solved on their basis by an 
individual adaptive algorithm that, in the case of an active experiment, even for a relatively small volume of experimental data, implements a strategy 
of a statistically justified solving. The small amount of data of the active experiment we use in the sense that, for such an amount, the variances of 
estimates of unknown coefficients obtained by the general procedure of the least squares method do not allow to guarantee the accuracy acceptable for 
practice. We also proposed to significantly increase the efficiency of the proposed by O. A. Pavlov. and M. M. Holovchenko modified group method of 
data handling for building a multivariate regression which is linear with respect to unknown coefficients and given by a redundant representation. We 
improve it by including some criteria and algorithms of the adaptive method for building a multivariate regression. For the multivariate polynomial 
regression problem, the inclusion of a partial case of the new version of the modified group method of data handling in the synthetic method proposed 
by O. A. Pavlov, M. M. Golovchenko, and V. V. Drozd, for building a multivariate polynomial regression given by a redundant representation, also 
significantly increases its efficiency. 

Keywords: multivariate regression, integral measure, adaptive algorithm, regression analysis, expert coefficients, linear programming. 

1. Introduction. In recent years, the authors have 
been working in the field of regression analysis, namely de-
veloping efficient methods for building univariate and mul-
tivariate regressions (MR) which are linear in relation to 
unknown coefficients [1, 2, 3]. The conducted critical anal-
ysis of existing universal methods for building an MR [4–
20] showed that this problem is still relevant in both theo-
retical and applied aspects. The new approach implemented 
in this paper consists in that the universal adaptive method 
proposed by the authors (which includes six different crite-
ria and four algorithms based on the outlined methodology 
of their use) allows to create an individual algorithm for an 
efficient solution of each individual applied problem. 

2. The adaptive method for building an MR. 
2.1. Formulation of the problem. The BR model looks like 

     ExxY
L

j jj  1
 , (1) 

where  T1 ,, mxxx   is a vector of deterministic input 

variables; 

E  is a random variable, its mathematical expectation 
is 0ME , its variance    2Var E , the value of 

 EVar  is known or its efficient estimate is known; 

 x  are known numerical scalar functions of the 
vector argument x . In [1], such functions were the compo-
nents of a multidimensional polynomial. 

According to the results of an active experiment 

 niyx ii ,1,   we need to estimate the value of the un-

known coefficients Ljj ,1,  . 

2.2. Measures of deviation of experimental data 
from the regression model used by the adaptive method. 
2.2.1. A classical measure implemented by the general 
scheme of the least squares method (LSM). A vector of es-

timates 1̂  of unknown components of the vector 

 T1 ,, L   minimizes the next measure: 

   2

1 1, 1,
min
j

n L
i j j ii jj L

y x


 
 

  . (2) 
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It is known that 

  1T T
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 , (3) 

where 
   

   














nLn

L

xx

xx
A










1

111

,  T1 ,, nyyy  .

As is known [21], the estimates 1̂  are linear, unbi-

ased, efficient in the class of linear estimates (Markov’s 
theorem). One can propose a statistically significantly more 
efficient linear estimate of the vector   than the estimate 
obtained by the LSM only in the case when the structure of 
the algorithm for finding the linear estimate is adaptive, not 
fixed, that is, it depends on the input data and intermediate 
results of its execution. This is the main methodological 
idea that formed the basis of the proposed adaptive method. 

2.2.2. Minimization of the sum of modules. Looks like 

 
1 1, 1,

min
j

n L
i j j ii jj L

y x


 
 

  . (4) 

Remark 1. The use of measure (4) in its explicit form 
is inefficient due to Markov’s theorem. 

2.2.3. A measure that minimizes the module of the sum 
of differences. Looks like 

  1 1, 1,
min
j

n L
i j j ii jj L

y x


 
 

  . (5) 

We recommend using it in explicit form only if it is 
known that the density function  xf  of the random varia-

ble E  is symmetrical about the ordinate axis. 
2.2.4. The measure of MR deviations from experi-

mental data realized with a given probability. For exact 

values of Ljj ,1,  , the following is met:

      


n
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n
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L

j ijji xy
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 , (6) 

where i  is the i -th realization of the random variable E . 

A random variable 
1

1 n
ii

E
n   ( iE  are independent 

copies of E ) for 20n  on the basis of a partial case of the 
scalar limit theorem practically has a normal distribution 

with parameters 
1

1
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where   is set experimentally, we recommend choosing 
an 1.0 . Then 

1
, , 0

1

2
nt

n
 

      
 

, (8) 

where  1
0 x  is the inverse Laplace transform and   is 

the arithmetic root of  EVar  or its efficient estimate. Then

the measure 2.2.4 is the condition for Ljj ,1,  , which is

met with the probability 1 : 

   , ,1 1

1 n L
i j j i ni j

y x t
n

  
 

   . (9) 

Remark 2. Additional fifth and sixth measures are im-
plemented when we know the density function  xf  of the

random variable E  or the  xf  is known with the known

with the accuracy of the values of its numerical parameters. 
From the methodological point of view, it is convenient to 
introduce them later (see subsections 2.3.5, 2.3.6). 

2.3. Algorithms of the adaptive method. 2.3.1. The 
first algorithm (the first version). The first step. Find the 

following estimate 1̂ : 

  1T T
1̂ A A A y 
 .

The second step. Solve the following problem of lin-
ear programming (LP): 

 

n

i iz
1

min , (10) 
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       . (11) 

The variables of the LP problem (10), (11) are j , 

Lj ,1 , nizi ,1,  . Let us denote by 2̂  the optimal solu-

tion of the LP problem (10), (11). 

The third step. The solution of the first algorithm is 1̂  if 

  1 , ,1 1
ˆn L

i j j i ni j
y x n t   

 
     (12) 

and 2̂  if condition (12) is not fulfilled. 

2.3.2. The first algorithm (the second version). It dif-
fers from the algorithm of subsection 2.3.1 in the second 
step, in which we solve the following LP problem: 

  
 

n

i ii uu
1

min , (13) 

  niuuuuxy iiii

L

j ijji ,1,0,0,
1

 
  , 

     ,,1 1,, n

n

i

L

j ijjin tnxytn    
(14) 

The variables of the LP problem (13), (14) are j , 

Lj ,1 , 
iu , niui ,1,  . 

Remark 3. The LP problem (13), (14) is solved by the 
simplex method, since only in this case the fulfillment of 
the conditions 0 

ii uui  is guaranteed. Whence, the 

optimal functional values for the LP problems (10), (11) 
and (13), (14) are the same. The advantage of the LP prob-
lem (13), (14) over the problem (10), (11) is that in its 
standard form it has n  variables and equations less. 

2.3.3. The second algorithm (the first version). The 

vector 3̂  of estimates of unknown components of the vec-

tor   is a solution to the next LP problem: 
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 zmin , (15) 

    0,
1 1

   
zzxyz

n

i

L

j ijji   (16) 

where the variables of the LP problem (15), (16) are j , 

Lj ,1 , z . 

2.3.4. The second algorithm (the second version). 3̂  

is a solution to the following LP problem: 

    uumin , (17) 

    
 

  uuxy
n

i

L

j ijji1 1
 . (18) 

The variables of the LP problem (17), (18) are 

Ljj ,1,  , u , u . 

Remark 4. We recommend using the second algorithm 
when it is known that the density function of the random 
variable E  is symmetric about the ordinate axis and 

nL  . 
2.3.5. The first hybrid algorithm of the adaptive 

method. The hybrid method is used only when the density 
function of the random variable E  is known at least with 
the accuracy of the values of its numerical parameters, and 
the number of tests n  allows sufficiently precise test of the 

complex hypothesis by the 
2  statistic. 

The first step. Find the estimates 1̂ , 2̂ , 3̂ . 

The second step. Find the values sequence  2,14 ,ˆ  l , 

ba k 
1,12,11,10   , const1,1,1  ll  , l  

1,2 k , 0const2   as solutions to the following LP 

problems (the first version): 

   


n

i il zz
1 2,1min  , (19) 
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      (20) 

or the LP problems (the second version): 

     1, 21
min

n
l iii

u u z z    


   , (21) 
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   zzzzxy

n

i

L

j ijji  . (22) 

The variables of the LP problem (19), (20) are j , 

Lj ,1 , iz , ni ,1 , z , and for the LP problem (21), (22) 

Ljj ,1,  , 
iu , 

iu , ni ,1 , ,z z  . 

Remark 5. The LP problem (21), (22) can be solved 
only by the simplex method. 

The third step. For each of 31 k  found vector esti-

mates 1̂ , 2̂ , 3̂ ,  2,14 ,ˆ  l , 1,1 kl  , find estimates of 

realizations of the random variable E  as 

  , 11
ˆ , 1, , 1, 3

L
i p j j ij

y x i n p k 


    . 

For 3p    3,4,,ˆˆ
123,14   kppp  . The 

estimate of the components of an unknown vector   is the 

vector p̂ , 3,1 1  kp , with which the 
2  statistic for 

testing the simple or complex hypothesis about the density 
function of the random variable E  has the minimum value. 

Remark 6. Let 
2
p  be the realization of the 

2  statis-
tic for the estimate found by the hybrid algorithm. Then, if 
  05.022  pP  , then the solution is unreliable, other-

wise, the realization of the 
22
p   statistic belongs to the 

feasible region with significance level 0.05, and the smaller 

the value of 
2
p  (provided that 22  rp , where r is the 

number of degrees of freedom of the 
2  statistic), the more 

reliable is the vector   of estimates of the components of the 
unknown vector found by the hybrid algorithm. 

2.3.6. The second hybrid algorithm of the adaptive 
method. It is used when the distribution of the random vari-
able E  is known. Let us denote EME  , Ê

 
is a prac-

tically exact estimate of E  obtained as a result of simulation 

modeling, not related to tests on the regression model (1). 

Remark 7. 
1

1 n
ii

E
n   is a consistent sampling 

characteristic for estimating the unknown vector E , 

where niEi ,1,  , are independent copies of the random 

variable E . That is, it coincides with E  with a probability 

of 1 when n . Whence, with a sufficiently large one n, 

1

1 n
iin


  in absolute magnitude differs from E  by a 

sufficiently small value, where i  is the result of the i -th 

test on the random variable E  ( i -th test on the regression 
model (1)). 

The estimate of the vector   by the second hybrid al-

gorithm.  l5
ˆ , 2212 2

0 ba k    , 

const1  ll  , is the solution to the following LP 

problem: 

 
1

min
n

ii
z

 , (23) 
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i il z
n

   
ˆ1

1 , 

      ,,1,, n

L

j ijjin tnxytn   
. (24) 

The variables of the LP problem (23), (24) are iz , 

ni ,1 , j , Lj ,1 . Further, the description of the second 

hybrid algorithm coincides with the corresponding descrip-
tion of the first hybrid algorithm. 
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Remark 8. 22 ab   can be a sufficiently small number 

(see Remark 7). That is, for true values of Ljj ,1,  , there

is small enough l , in which condition (24) is fulfilled (un-

der the assumption that EE  ˆ ). 

3. Algorithm for reducing the number of compo-
nents of the expression (1) for an MR given by a redun-
dant representation. A necessary condition for using al-
gorithms of the adaptive method is that L  is significantly 
less than n . We can offer the following algorithm for re-
ducing the value of L  for a fixed set of experimental data. 

The first step. Regression (1) is fictitiously increased 
by one 1m -th deterministic input variable 1mx , that is, 

    ExxxY mm

L

j jj   111
 , (25) 

where 01 m . Data of the experiment  niyx ii ,1, 

are replaced by 1 1

1
, , , , 1,

m
i mi ji ij

x x x y i n
m 

      
  

 . 

The second step. Find the estimates of j by the 

LSM, 1,1  Lj , at 01 m .

The third step. By the cluster analysis algorithm [2] 

the set of coefficients  1,1,  Ljj  is divided into two 

classes 1M  and 2M  [2], 1L  should belong to 2M . Other-

wise, the algorithm stops. 

Remark 9. We can change the values of iLx ,1 , ni ,1 ,

and repeat steps 1–3. The necessary condition for the con-
tinuation of the algorithm is 21 ML  .

The fourth step. Exclude all terms, which coefficients 
belong to 2M , from expression (25). 

The fifth and subsequent steps of the algorithm. Re-
peat steps 1–3 for the new expression of the MR (provided 
that for each iteration the coefficient for the fictitious input 
variable belongs to the class 2M ) until only the coefficient 

for the fictitious input variable will remain in the class 2 .M  
The resulting expression of the MR statistically signifi-
cantly does not contain terms that insignificantly affect the 
output variable, and the difference between the number of 
tests n  and the number of MR members can be signifi-
cantly reduced if really the MR was given by a redundant 
representation. This will lead to an increase in the effi-
ciency of using the adaptive method. 

4. Active experiment. Finding the analytical ex-
pression of the density function of the random variable 
E  and the estimate of its variance. We consider the case 
when an active experiment can be carried out in sufficient 
quantity at a fixed value of the deterministic input variables 

fx . The number of tests should be sufficient to test the 

complex hypothesis about the density function of an arbi-

trary random variable by the 
2  statistic, as well as for ef-

ficient estimation of the variance of a random variable. 
4.1. Finding the analytical expression of the density 

function of a random variable E . The first step. Find a 

sample of the volume n  of realizations of the random var-

iable  


L

j j xE
1 f . They are the values of the output var-

iable from the experiment  niyx i ,1,f  . 

The second step. By the values of niyi ,1,  , build a 

histogram, the geometric expression of which allows to de-
duce a complex hypothesis about the density function of the 

random variable  


L

j j xE
1 f , which is checked by the

most “hard” 
2  statistic.

Remark 10. Obviously, a more complex procedure for 
testing a complex hypothesis can be proposed. If altering 

the value of  constM E   affects solely the numerical

parameters within the analytical expression that represents 
the density function for the random variable E , then, in 
case of acceptance of the complex hypothesis, the problem 
is considered solved. 

4.2. Estimation of  EVar . As an estimate of the var-

iance of a random variable E , we can take the number 

2

1 1

1 1n n
i ji j

y y
n n 

  
 

 

because    Var const VarE E  .

5. The use of some provisions of the adaptive
method in the modified group method of data handling 
(MGMDH) [2]. We propose to make the following 
changes to the general algorithmic scheme of MGMDH [2]. 

5.1. Using two regular criteria. In the case when the 
analytical expression of the density function of the random 
variable E  is known with the accuracy of the values of the nu-
merical parameters and is symmetric with respect to the ordinate 
axis, then we propose when finding by the test sequence of 
experimental data, that is, data that were not used to find 
estimates of unknown coefficients of partial descriptions of the 
sought regression, to use not the single regular criterion 
which is the residual sum of squares, but two criteria. 

The first regular criterion: 

  1
2

1 1
ˆl

j j

n n r
i l l ii n j

y x 

  
  , (26) 

where the set of coefficients  ˆ , 1,jl lj r   gives the l -th

partial descriptions of the sought MR; n  is the amount of 
empirical data used to find estimates , 1,jl l

l
j r  , of the 

coefficients of the l -th partial description; 1n  is the num-

ber of experimental data in the test sequence. 
The second regular criterion: 

  1

1 1
ˆl

j j

n n r
i l l ii n j

y x 

  
  . (27) 

Thus, in the general case, we get two partial descrip-
tions that claim to be used to find the correct structure of 
the sought MR, and not a single one. 

5.2. The use of the hybrid algorithm. The hybrid al-
gorithm (the first or the second one, depending on the avail-
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able information) of the adaptive method is used to find es-
timates of coefficients for the entire ( 1nn  ) experimental 

data set for the found partial description(s). The final esti-
mate of the unknown MR is the one for which the realiza-

tion of the 
2  statistic is the smallest [2]. 

Remark 11. If the symmetry condition of the density 
function of the random variable E  is not fulfilled, then the 
use of the second regular criterion (27) is redundant. 

Remark 12. More detailed recommendations on the 
use of criteria and algorithms of the adaptive method will 
be the result of its careful experimental research. Now it 
can be stated that finding estimates of the MR coefficients 
with the simultaneous use of several criteria significantly 
expands the application possibilities of universal methods 
of regression analysis, in particular those proposed by the 
authors of the adaptive method. 

Conclusions. 1. To estimate the coefficients of an MR 
which is linear with respect to unknown coefficients, we 
proposed a universal adaptive method that implements not 
a single criterion, as in the least squares method, but several 
criteria. The adaptation consists in the fact that the structure 
of the algorithm for the final result obtaining is not fixed 
but depends on the intermediate results of calculations and 
input data. 

2. We considered the possibility of a statistically cor-
rect obtaining, based on the results of a special experiment, 
an analytical expression of the density function of a random 
variable that affects additively the output variable. 

3. We showed how the use of the adaptive method can 
significantly increase the efficiency of the modified group 
method of data handling proposed earlier by the authors. 
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АДАПТИВНИЙ МЕТОД ПОБУДОВИ БАГАТОВИМІРНОЇ РЕГРЕСІЇ 

Запропоновано адаптивний метод побудови багатовимірної регресії, що задається зваженою лінійною згорткою відомих скалярних функцій 
від детермінованих вхідних змінних, коефіцієнти при яких є невідомими. Як, наприклад, коли багатовимірна регресія задається 
багатовимірним поліномом. На відміну від загальної процедури методу найменших квадратів, що мінімізує лише одну скалярну кількісну 
міру, адаптивний метод використовує шість різних кількісних мір і представляє собою системно зв’язану сукупність різних алгоритмів, що 
дозволяють кожну прикладну задачу розв’язувати на їх основі індивідуальним адаптивним алгоритмом, який в випадку активного 
експерименту навіть для порівняно невеликого об’єму експериментальних даних реалізує стратегію статистично обґрунтованого розв’язання. 
Невеликий об’єм даних активного експерименту використаний в тому сенсі, що для нього дисперсії оцінок невідомих коефіцієнтів, отриманих 
загальною процедурою метода найменших квадратів, не дозволяють гарантувати допустиму для практики точність. Пропонується також 
суттєво підвищити ефективність запропонованого Павловим О.А. та Головченко М.М. модифікованого методу групового урахування 
аргументів побудови багатовимірної регресії, лінійної відносно невідомих коефіцієнтів та заданої надлишковим описом, за рахунок включення 
в нього деяких критеріїв та алгоритмів адаптивного методу побудови багатовимірної регресії. Для випадку завдання регресії багатовимірним 
поліномом включення часткового випадку нової версії модифікованого методу групового урахування аргументів в синтетичний метод 
побудови багатовимірної поліноміальної регресії, заданої надлишковим описом, запропонованого Павловим О.А., Головченко М.М. та 
Дрозд В.В., також суттєво підвищує його ефективність. 

Ключові слова: багатовимірна регресія, інтегральна міра, адаптивний алгоритм, регресійний аналіз, експертні коефіцієнти, лінійне 
програмування. 
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