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VERIFICATION OF EMPIRICAL MODELS OF SIMPLEX METHOD COMPLEXITY USING THE 

MODIFIED GMDH 

This paper presents the results of constructing an empirical dependence of the number of arithmetic operations of the standard simplex method as a 

function of the problem dimensionality defined in canonical form. To address this problem, the principle of model self-organization based on a modified 
combinatorial algorithm of the Group Method of Data Handling is applied. The modification of Group Method of Data Handling consists in forming a 

residual representation that is assumed to contain the sought empirical complexity function, as well as in applying a preliminary partitioning algorithm 

for the basis functions, which are additively included in the residual representation, into two non-overlapping classes: the class of main dominant 

components and the class of refining residual components. This approach significantly reduces the combinatorial search procedure. Based on theoretical 

complexity estimates available in the literature, a redundant set of basis functions was constructed. Five fundamental models were considered: 

Borgwardt’s polynomial estimate, the Adler – Megiddo quadratic bound, a basic polynomial form, the smoothed analysis model of Spielman – Teng, 
and a general mixed model previously proposed by the authors. To expand the search space, a logarithmic component was added to the basis functions. 

Thus, the residual representation includes six basis components, along with all their squares and pairwise products. The optimal structure was selected 

using a symmetric regularity criterion by evaluating more than 134 million alternative models, the number of which is uniquely determined by the 
cardinality of the set of refining residual components. To ensure the correct application of the least squares method for strongly nonlinear regressors of 

different scales (whose absolute values differ by several orders of magnitude), the necessity of scaling input data by their standard deviation, with 
optional centering, was experimentally justified. The efficiency of this approach was confirmed through a specially designed experiment with a known 

ideal solution, including a constant term (bias) at the order of 100000 and normally distributed noise with an amplitude of 1 % of the mean value of the 

ideal regression on the values of the input variables of the experiment. The results of simulation modeling on a dataset of 13690 randomly generated 
linear programming problems demonstrate the clear superiority of the mixed polynomial-logarithmic structure within the extended class of candidate 

functions. 

Keywords: simplex method, model self-organization, modified Group Method of Data Handling, least squares method, redundant representation, 

regularity criterion, data standardization. 

1. Introduction. Publications [1, 2] consider applied 

problems, the solution of which requires the solution of on 

average hundreds of linear programming (LP) problems 

with thousands of variables. The efficient implementation 

of such algorithms is based on parallelization of calcula-

tions, which requires knowledge of efficient estimates of 

the number of simplex method’s arithmetic operations as a 

function of the dimensionality of the LP problem given in 

canonical form [3]. 

With the aim to verify the objectivity of the empirical 

complexity formula previously proposed by the authors         

where  is the 

number of equations,  is the number of non-negative var-

iables), which was found using the four common basis 

functions presented in the abstract, and seven in total, using 

the modified Group Method of Data Handling (MGMDH) 

[4]. For this, in this work, the MGMDH is used for the case 

when the residual representation, according to which the 

search for the empirical formula of complexity is imple-

mented, is extended to the basis functions, their squares and 

all pairwise products. 

The use of the MGMDH allows us to move away from 

the a priori defining the model structure and find the opti-

mal dependence by a reduced search of subsets of basis 

functions, their squares and all pairwise products using the 

regularity criterion first proposed by Ivakhnenko O. A., as 

a part of the classical Group Method of Data Handling 

(GMDH). Finding the coefficients for partial representa-

tions (partial models) is done using the least squares 

method (LSM). The selection of the optimal structure is 

carried out using the symmetric regularity criterion, which 

is the sum of two components, each of which is the value 

of the residual sum of squares on the test sequence for the 

case when the data from which the partial representations 

of the sought model are built and the data from which the 

value of the regularity criterion is found are interchanged. 

Since the redundant representation contains significantly 

nonlinear basis functions, the values of which can differ by 

orders of magnitude, the classical implementation of the re-

sidual representation of the MGMDH for linear models re-

quires an appropriate correction. 

2. Basic theoretical provisions and data genera-

tion. To objectively investigate the computational com-

plexity of the standard simplex method, it is necessary to 

generate a representative sample of random LP problems in 

canonical form. To ensure the admissibility of the con-

straint system, the generation is carried out by the inverse 

construction method. 

That is, the components of the non-negative solution 

of the vector x  and the parameters of the LP problem are 

generated as realizations of random variables that have a 

uniform distribution on the intervals  for the 

components of the vector on the interval  for the 
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parameters of the constraint matrix .A  The vector of the 
right-hand side  is generated by the formula 
where  is the solution of the LP problem,  is a vector 
whose components are realizations of random variables that 
have a uniform distribution on the interval  The
components of the vector  (the optimality criterion of the 
LP problem) were also generated from a uniform distribu-
tion on the interval  The quantity  acts as a hy-
perparameter (scaling factor), which allows you to flexibly 
control the order of quantities in the generated data. This 
allows you to more correctly find the empirical complexity 
function of the simplex method. 

As mentioned in the introduction, to build an empiri-
cal model of complexity on the obtained data, the MGMDH 
is used [4]. Unlike the classical combinatorial GMDH, 
which involves a complete enumeration of all possible 
combinations of basis functions (which is computationally 
impossible for large bases) and does not specify a residual 
representation containing the sought solution structure, the 
modification of the GMDH also consists in a preliminary 
partitioning of the space of the set of components of the 
residual representation, linear with respect to unknown co-
efficients, into two classes. Based on the initial LSM esti-
mate, the algorithm identifies a cluster of main dominant 
components (set  and assigns the remaining basis 
functions to a cluster of clarifying residual components (set 

 The structure of each partial representation contains 
a mandatory component from the set  and an arbitrary 
subset of components from the set  It is postulated that 
the sought empirical formula for the complexity of the sim-
plex method belongs to the set of partial representations 
formulated above. 

3. Data standardization issues. To ensure the correct 
operation of the LSM within the framework of structural 
identification, the stage of preliminary data preparation is 
critically important. In computational complexity estima-
tion problems, the redundant representation contains signif-
icantly nonlinear basis functions (see Section 5), for exam-
ple, such as  or  Since their absolute val-
ues differ by many orders of magnitude, direct application 
of the LSM to raw data leads to serious distortions: func-
tions with significant absolute values receive coefficients 
that are insignificant in absolute value, which makes it im-
possible to correctly algorithmically select significant basis 
functions by absolute values of their coefficients. Accord-
ing to the classical theory of regression analysis [5], an ef-
ficient solution to this problem is the standardization of pre-
dictors that includes centering (subtraction of the mean) 
and scaling (division by the standard deviation  of the 
generated values of the input variables from their mean 
value) [6]. However, in our case, the input parameters (di-
mensions of matrices) and the output objective function 
(the number of operations) have strictly non-negative val-
ues. The use of the centering operation inevitably leads to 
the appearance of artificial negative values, which destroys 
the physical logic of the problem and complicates the inter-
pretation. 

In view of this, this work justifies the use of only the 
scaling operation without centering. In general, the scaling 
procedure is as follows. 

Let the regression model be of the form: 

(1) 

where  is a random variable, the coefficients 

 are unknown. The test results: 

(2) 

we replace model (1) with the following: 

(3) 

where 

According to model (3), based on the results of statis-
tical tests (2), using the LSM we find estimates of unknown 
coefficients. The final constructed regression has the form: 

(4) 

Remark. The MGMDH uses the presented scaling 
procedure for finding estimates of the unknown coefficients 
for all partial representations. 

Such preprocessing is a necessary condition for the 
LSM to be able to adequately estimate the parameters, and 
for the clustering algorithm of the GMDH to correctly sep-
arate the main representation from the noise one without 
losing the physical sense. 

It is important to note that such an exact algebraic 
equivalence is a specific property of models that are linear 
in parameters. In most other machine learning algorithms 
(e.g., decision trees or multilayer neural networks), such an 
analytical denormalization of weights is not possible be-
cause the scale of arguments is nonlinearly woven into the 
internal structure of decision making [7]. 

4. Synthetic test proving the importance of scaling.
To experimentally prove the hypothesis of the critical need 
for data scaling, a verification simulation test was con-
ducted on synthetic data with a known reference structure. 

A sample of 500 points was generated, where the in-
dependent arguments varied in the range

The true target pattern was generated in the form: 

where  is a normal noise with a standard deviation of 1 % 
from the mean of the regression model on the experimental 
input data. The structural identification algorithm was 
given a redundant representation of nine candidate basis 
functions: basis  their squares, and all possible 
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pairwise products. The algorithm’s task was to automat-
ically find the true pattern. 

The results of applying the LSM to unscaled data led 
to erroneous final results: due to the imbalance of the orders 
of magnitude of the functions, the algorithm demonstrated 
instability at the stage of structural identification. When di-
viding into clusters, the algorithm gave false preference to 
basis functions with small numerical values, mistakenly se-
lecting as the only main basis function (cluster  a func-

tion  with a coefficient of ~  At the same 
time, the algorithm perceived the true dominant term 

 as secondary noise and sent it to the residual rep-
resentation  with a coefficient of 1.0019. Structurally, 
the model was identified absolutely incorrectly, which 
makes further analysis of complexity impossible. 

Instead, the application of pre-scaling of the input data 
significantly improved the result. The LSM correctly deter-
mined the weights of each function in the total variance, 
which allowed the algorithm to identify the structure with-
out error. The only true basis function  was auto-
matically selected for the main representation cluster 

 The resulting model took the following form: 

(5) 

The terms of the residual representation  and the 
shift in this case act exclusively as insignificant compensa-
tors of the imposed noise. Therefore, the synthetic criterion 
took the minimum value on the correct structure of the re-
gression model (5). In this example, the following modifi-
cation of the criterion for selecting the final solution was 
used: all partial representations were considered, for which 
the values of the symmetric criterion practically do not dif-
fer from the minimum, and from them the partial represen-
tation was selected, which contains the minimum number 
of basis functions. The resulting estimates of the unknown 
coefficients were found for the entire set of experimental 
data and practically do not differ from the coefficients of 
the ideal model. 

5. Simulation modeling of input data for finding
the empirical complexity function of the simplex 
method using the MGMDH. Having confirmed the effi-
ciency of the methodology, the MGMDH was applied to 
objectively verify the empirical formula for the computa-
tional complexity of the standard simplex method. For the 
empirical analysis, random LP problems were generated 
according to the rules described in Section 2. 

To ensure statistical reliability of the results, five se-
ries of independent simulation experiments were conducted 
for each of the two samples (estimating data for each of the 
models using the LSM and data of the validation subset 
used to select the best empirical formula from the six can-
didates found). The values of (the number of con-
straints) and  (the number of variables) varied from 200 
to 2000 with a step of 50. For each combination of  and 

 values, five independent LP problems were generated. 
Thus, the total number of generated and solved problems in 
one series of tests was  For each 

solved problem, the exact number of arithmetic operations 
performed by the simplex method was recorded. 

To implement the structural identification procedure, 
a redundant representation was formed based on five fun-
damental theoretical estimates: the earlier proposed by the 
authors general mixed model without considering the con-
stant  the

Adler-Megiddo model [8], the refined 

Borgwardt model  [9], the basic polynomial 

model  [10], and the smoothed analysis model 

 [11]. In order to increase the reliability 
of the verification of the obtained model, the search space 
was expanded by introducing logarithmic components, 
namely, supplemented with an additive logarithmic func-
tion 

This allowed us to form a set of partial representations 
from the class of complex polynomial-logarithmic func-
tions, which additively includes six basis functions, their 
squares, and pairwise products. 

Thus, the total number of residual terms is equal to 
 candidate arguments. Considering the cardinality 

of the set which is equal to  (each of which 
is found by its own validation subset), the set of all partial 
representations is equal to models, which 
practically guarantees finding the correct structure of the 
empirical formula for the complexity of the simplex 
method within the given residual representation. 

The choice of selected basis functions, instead of ele-
mentary arguments such as  is due to the multiplica-
tive nature of the interaction of the number of constraints 
and variables. Since the total complexity is derived from 
the product of the number of iterations times the complexity 
of one iteration of the simplex method, any correct estimate 
of the complexity of the simplex method must consider this 
physical logic of the algorithm. 

To increase the estimation objectivity, as indicated 
above, a symmetric regularity criterion was used, which re-
quires dividing the test sample into two independent parts: 
a training subset  and a validation subset  The algo-
rithm works according to a two-step scheme: first, the esti-
mates of the coefficients of partial representations are 
found by the sample  and the residual sum of squares of 
each partial representation is found by the sample 

 is an empty set,  is the set of all test data, the 
cardinality of the sets  and  is the same); then the pro-
cedure is repeated when  performs the functions of the 
validation subset, and  is used to find the estimates of the 
coefficients of partial representations (from which the va-
lidity of the formula   follows). 

6. Identification results. As a result of using the sym-
metric regularity criterion, it was found that the above for-
mulated criterion for selecting the correct structure of the 
partial representation gave the following result: from the set 
of partial representations, for each of which the values of 
the symmetric regularity criterion practically do not differ 
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from the minimum, a partial representation with the mini-
mum number of basis functions from the partial represen-
tation is selected. Estimates of the unknown coefficients of 
the selected partial representation are found for the entire 
set of test data. Thus, the resulting empirical formula for the 
number of arithmetic operations of the simplex method as 
a function has the form: 

 (6) 

It should be noted separately that there is a free term 
(shift) in the obtained model, which is about  
From the point of view of classical asymptotic analysis of 
algorithms, a constant term does not affect the complexity 
class with infinite growth of dimensionality. However, in 
the context of applied resource estimation problems, this 
parameter carries information about the fixed overhead of 
the algorithm [12]. Considering this shift is critically im-
portant for accurate prediction of the number of operations 
on problems of small and medium dimensionality 

 where asymptotic terms are not yet 
dominant. It is for these restrictions that it is possible to use 
a simplified formula: 

Conclusions. 1. We set the problem of finding the 
correct empirical formula for the number of arithmetic op-
erations of the simplex method for LP problems given in 
the canonical form of medium complexity (the number of 
equations does not exceed 500, the number of variables 
does not exceed 600). 

2. We give a justification for a residual representa-
tion, to which belongs the structure of the sought empirical 
formula for the number of arithmetic operations of the sim-
plex method belongs. 

3. We chose the MGMDH as a method for finding
the empirical complexity formula. The method was adapted 
for the case when the residual representation is linear with 
respect to unknown coefficients and nonlinear with respect 
to given basis functions. 

4. As a result of the algorithm, we found an empiri-
cal formula for the number of arithmetic operations of the 
simplex method for LP problems of medium dimensional-
ity (the number of equations does not exceed 500, the num-
ber of variables does not exceed 600). 

5. We provided a qualitative interpretation of the
sense of the constant included in the resulting empirical for-
mula for the number of arithmetic operations of the simplex 
method. 

Declaration on the use of generative AI. The au-
thors did not use any generative artificial intelligence tools 
in the preparation of this manuscript. 
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ВЕРИФІКАЦІЯ ЕМПІРИЧНИХ МОДЕЛЕЙ СКЛАДНОСТІ СИМПЛЕКС-МЕТОДУ З 
ВИКОРИСТАННЯМ МОДИФІКОВАНОГО МГУА 

Наведено результати побудови емпіричної залежності кількості арифметичних операцій стандартного симплекс-методу як функції від 
розмірності задачі, заданої в канонічній формі. Для розв’язання проблеми застосовано принцип самоорганізації моделей на основі 
модифікованого комбінаторного алгоритму методу групового урахування аргументів. Модифікація методу групового урахування аргументів 
полягає у формуванні залишкового опису, в якому припускається міститься шукана емпірична функція складності та використання алгоритму 
попереднього розбиття базисних функцій, з яких адитивно складається залишковий опис, на два класи, що не перетинаються: клас головних 
домінантних компонент та клас уточнюючих залишкових компонент, що дозволяє суттєво скоротити процедуру комбінаторного перебору. На 
основі відомих з літератури теоретичних оцінок складності сформовано надлишковий опис базисних функцій. До розгляду включено п’ять 
фундаментальних моделей: поліноміальну оцінку Боргвардта, квадратичну межу Адлера-Мегіддо, базову поліноміальну форму, модель 
згладженого аналізу Спілмана-Тенга та загальну змішану модель, раніше запропоновану авторами. З метою розширення простору пошуку, до 
базисних функцій було додано логарифмічну компоненту. Таким чином, залишковий опис адитивно містить шість базисних компонент та всі 
їх квадрати та попарні добутки. Відбір оптимальної структури здійснено за симетричним критерієм регулярності шляхом перебору понад 134 
мільйонів альтернативних моделей, кількість яких однозначно задається потужністю множини уточнюючих залишкових компонент. Для 
забезпечення коректного використання методу найменших квадратів для суттєво нелінійних регресорів різного масштабу (абсолютні значення 
яких відрізняються на багато порядків), експериментально обґрунтовано необхідність масштабування вхідних даних на їхнє стандартне 
відхилення з необов’язковим застосуванням процедури центрування. Ефективність такого підходу підтверджено на спеціально розробленому 
експерименті із закладеним ідеальним розв’язком, наявністю вільного члена (зсуву) на рівні 100000  та нормальним шумом з амплітудою 1 % 
від середнього значення ідеальної регресії на значеннях вхідних змінних експерименту. Результати імітаційного моделювання на вибірці з 
13690 випадково згенерованих задач лінійного програмування доводять беззаперечну перевагу змішаної поліноміально-логарифмічної 
структури у розширеному класі функцій-претендентів. 

Ключові слова: симплекс-метод, самоорганізація моделей, модифікований метод групового урахування аргументів, метод найменших 
квадратів, надлишковий опис, критерій регулярності, стандартизація даних. 
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