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VERIFICATION OF EMPIRICAL MODELS OF SIMPLEX METHOD COMPLEXITY USING THE
MODIFIED GMDH

This paper presents the results of constructing an empirical dependence of the number of arithmetic operations of the standard simplex method as a
function of the problem dimensionality defined in canonical form. To address this problem, the principle of model self-organization based on a modified
combinatorial algorithm of the Group Method of Data Handling is applied. The modification of Group Method of Data Handling consists in forming a
residual representation that is assumed to contain the sought empirical complexity function, as well as in applying a preliminary partitioning algorithm
for the basis functions, which are additively included in the residual representation, into two non-overlapping classes: the class of main dominant
components and the class of refining residual components. This approach significantly reduces the combinatorial search procedure. Based on theoretical
complexity estimates available in the literature, a redundant set of basis functions was constructed. Five fundamental models were considered:
Borgwardt’s polynomial estimate, the Adler — Megiddo quadratic bound, a basic polynomial form, the smoothed analysis model of Spielman — Teng,
and a general mixed model previously proposed by the authors. To expand the search space, a logarithmic component was added to the basis functions.
Thus, the residual representation includes six basis components, along with all their squares and pairwise products. The optimal structure was selected
using a symmetric regularity criterion by evaluating more than 134 million alternative models, the number of which is uniquely determined by the
cardinality of the set of refining residual components. To ensure the correct application of the least squares method for strongly nonlinear regressors of
different scales (whose absolute values differ by several orders of magnitude), the necessity of scaling input data by their standard deviation, with
optional centering, was experimentally justified. The efficiency of this approach was confirmed through a specially designed experiment with a known
ideal solution, including a constant term (bias) at the order of 100000 and normally distributed noise with an amplitude of 1 % of the mean value of the
ideal regression on the values of the input variables of the experiment. The results of simulation modeling on a dataset of 13690 randomly generated
linear programming problems demonstrate the clear superiority of the mixed polynomial-logarithmic structure within the extended class of candidate

functions.

Keywords: simplex method, model self-organization, modified Group Method of Data Handling, least squares method, redundant representation,

regularity criterion, data standardization.

1. Introduction. Publications [1, 2] consider applied
problems, the solution of which requires the solution of on
average hundreds of linear programming (LP) problems
with thousands of variables. The efficient implementation
of such algorithms is based on parallelization of calcula-
tions, which requires knowledge of efficient estimates of
the number of simplex method’s arithmetic operations as a
function of the dimensionality of the LP problem given in
canonical form [3].

With the aim to verify the objectivity of the empirical
complexity formula previously proposed by the authors
(0.63m?**n°% log"® n + 4.04m *"n** where m is the

number of equations, N is the number of non-negative var-
iables), which was found using the four common basis
functions presented in the abstract, and seven in total, using
the modified Group Method of Data Handling (MGMDH)
[4]. For this, in this work, the MGMDH is used for the case
when the residual representation, according to which the
search for the empirical formula of complexity is imple-
mented, is extended to the basis functions, their squares and
all pairwise products.

The use of the MGMDH allows us to move away from
the a priori defining the model structure and find the opti-
mal dependence by a reduced search of subsets of basis
functions, their squares and all pairwise products using the
regularity criterion first proposed by Ivakhnenko O. A., as
a part of the classical Group Method of Data Handling

(GMDH). Finding the coefficients for partial representa-
tions (partial models) is done using the least squares
method (LSM). The selection of the optimal structure is
carried out using the symmetric regularity criterion, which
is the sum of two components, each of which is the value
of the residual sum of squares on the test sequence for the
case when the data from which the partial representations
of the sought model are built and the data from which the
value of the regularity criterion is found are interchanged.
Since the redundant representation contains significantly
nonlinear basis functions, the values of which can differ by
orders of magnitude, the classical implementation of the re-
sidual representation of the MGMDH for linear models re-
quires an appropriate correction.

2. Basic theoretical provisions and data genera-
tion. To objectively investigate the computational com-
plexity of the standard simplex method, it is necessary to
generate a representative sample of random LP problems in
canonical form. To ensure the admissibility of the con-
straint system, the generation is carried out by the inverse
construction method.

That is, the components of the non-negative solution
of the vector X and the parameters of the LP problem are
generated as realizations of random variables that have a

uniform distribution on the intervals (0.1, f +O.1) for the
components of the vector x, on the interval (0, f) for the
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parameters of the constraint matrix 4. The vector of the
right-hand side b is generated by the formula b = Ax + 4,

where x is the solution of the LP problem, é is a vector

whose components are realizations of random variables that
have a uniform distribution on the interval (0, 2f ) The

components of the vector ¢ (the optimality criterion of the
LP problem) were also generated from a uniform distribu-
tion on the interval (0, f ) The quantity f acts as a hy-

perparameter (scaling factor), which allows you to flexibly
control the order of quantities in the generated data. This
allows you to more correctly find the empirical complexity
function of the simplex method.

As mentioned in the introduction, to build an empiri-
cal model of complexity on the obtained data, the MGMDH
is used [4]. Unlike the classical combinatorial GMDH,
which involves a complete enumeration of all possible
combinations of basis functions (which is computationally
impossible for large bases) and does not specify a residual
representation containing the sought solution structure, the
modification of the GMDH also consists in a preliminary
partitioning of the space of the set of components of the
residual representation, linear with respect to unknown co-
efficients, into two classes. Based on the initial LSM esti-
mate, the algorithm identifies a cluster of main dominant
components (set M,) and assigns the remaining basis

functions to a cluster of clarifying residual components (set
M,). The structure of each partial representation contains

a mandatory component from the set M, and an arbitrary
subset of components from the set M,. It is postulated that

the sought empirical formula for the complexity of the sim-
plex method belongs to the set of partial representations
formulated above.

3. Data standardization issues. To ensure the correct
operation of the LSM within the framework of structural
identification, the stage of preliminary data preparation is
critically important. In computational complexity estima-
tion problems, the redundant representation contains signif-
icantly nonlinear basis functions (see Section 5), for exam-

ple, suchas Inm+Inn or m’n’. Since their absolute val-
ues differ by many orders of magnitude, direct application
of the LSM to raw data leads to serious distortions: func-
tions with significant absolute values receive coefficients
that are insignificant in absolute value, which makes it im-
possible to correctly algorithmically select significant basis
functions by absolute values of their coefficients. Accord-
ing to the classical theory of regression analysis [5], an ef-
ficient solution to this problem is the standardization of pre-
dictors that includes centering (subtraction of the mean)
and scaling (division by the standard deviation 0 of the
generated values of the input variables from their mean
value) [6]. However, in our case, the input parameters (di-
mensions of matrices) and the output objective function
(the number of operations) have strictly non-negative val-
ues. The use of the centering operation inevitably leads to
the appearance of artificial negative values, which destroys
the physical logic of the problem and complicates the inter-
pretation.

In view of this, this work justifies the use of only the
scaling operation without centering. In general, the scaling
procedure is as follows.

Let the regression model be of the form:

y(xl,...,xm):a)o+z':a)jff(xl,...,xm)+g, )]
j=1

where & is a random variable, the coefficients @,

j= G, are unknown. The test results:

((x“,...,xm,.)—>yi,i:l,_n), 2)
we replace model (1) with the following:
$nny )=, + Y 0, M i=Ln, ()
J1 g
where
1 1L ’
R AT B Sy S|
i=1 i=1

According to model (3), based on the results of statis-
tical tests (2), using the LSM we find estimates of unknown
coefficients. The final constructed regression has the form:

y(xl,...,xm)=a)0+Zo_—/fj(xl,...,xm). 4)
j=1

J

Remark. The MGMDH uses the presented scaling
procedure for finding estimates of the unknown coefficients
for all partial representations.

Such preprocessing is a necessary condition for the
LSM to be able to adequately estimate the parameters, and
for the clustering algorithm of the GMDH to correctly sep-
arate the main representation from the noise one without
losing the physical sense.

It is important to note that such an exact algebraic
equivalence is a specific property of models that are linear
in parameters. In most other machine learning algorithms
(e.g., decision trees or multilayer neural networks), such an
analytical denormalization of weights is not possible be-
cause the scale of arguments is nonlinearly woven into the
internal structure of decision making [7].

4. Synthetic test proving the importance of scaling.
To experimentally prove the hypothesis of the critical need
for data scaling, a verification simulation test was con-
ducted on synthetic data with a known reference structure.

A sample of 500 points was generated, where the in-
dependent arguments varied in the range m,n € [10, 1001

The true target pattern was generated in the form:
y(m,n)z 10° +m’ -n’ +¢,

where € is a normal noise with a standard deviation of 1 %
from the mean of the regression model on the experimental
input data. The structural identification algorithm was
given a redundant representation of nine candidate basis

functions: basis m’,n*,Inm, their squares, and all possible
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pairwise products. The algorithm’s task was to automat-
ically find the true pattern.

The results of applying the LSM to unscaled data led
to erroneous final results: due to the imbalance of the orders
of magnitude of the functions, the algorithm demonstrated
instability at the stage of structural identification. When di-
viding into clusters, the algorithm gave false preference to
basis functions with small numerical values, mistakenly se-
lecting as the only main basis function (cluster M) a func-

tion Inm with a coefficient of ~1.4126-10°. At the same
time, the algorithm perceived the true dominant term
m’-n’ as secondary noise and sent it to the residual rep-
resentation M, with a coefficient of 1.0019. Structurally,

the model was identified absolutely incorrectly, which
makes further analysis of complexity impossible.

Instead, the application of pre-scaling of the input data
significantly improved the result. The LSM correctly deter-
mined the weights of each function in the total variance,
which allowed the algorithm to identify the structure with-

out error. The only true basis function m’-n’ was auto-
matically selected for the main representation cluster
(M,). The resulting model took the following form:

»(m,n)=1.2046-10° +1.0006 - (m* - n* ) (5)

The terms of the residual representation A/, and the

shift in this case act exclusively as insignificant compensa-
tors of the imposed noise. Therefore, the synthetic criterion
took the minimum value on the correct structure of the re-
gression model (5). In this example, the following modifi-
cation of the criterion for selecting the final solution was
used: all partial representations were considered, for which
the values of the symmetric criterion practically do not dif-
fer from the minimum, and from them the partial represen-
tation was selected, which contains the minimum number
of basis functions. The resulting estimates of the unknown
coefficients were found for the entire set of experimental
data and practically do not differ from the coefficients of
the ideal model.

5. Simulation modeling of input data for finding
the empirical complexity function of the simplex
method using the MGMDH. Having confirmed the effi-
ciency of the methodology, the MGMDH was applied to
objectively verify the empirical formula for the computa-
tional complexity of the standard simplex method. For the
empirical analysis, random LP problems were generated
according to the rules described in Section 2.

To ensure statistical reliability of the results, five se-
ries of independent simulation experiments were conducted
for each of the two samples (estimating data for each of the
models using the LSM and data of the validation subset
used to select the best empirical formula from the six can-
didates found). The values of m (the number of con-
straints) and n (the number of variables) varied from 200
to 2000 with a step of 50. For each combination of m and
n values, five independent LP problems were generated.
Thus, the total number of generated and solved problems in
one series of tests was 37-37-5-2=13690. For each

solved problem, the exact number of arithmetic operations
performed by the simplex method was recorded.

To implement the structural identification procedure,
a redundant representation was formed based on five fun-
damental theoretical estimates: the earlier proposed by the
authors general mixed model without considering the con-

stant (fgenml =0.63m>*n"" log"” n+4.04m™*"'n** ), the
Adler-Megiddo model ( Soadter = n4) [8], the refined

Borgwardt model ( = m3n2) [9], the basic polynomial

Borg

model (f poly = mn) [10], and the smoothed analysis model
( Snoon =m0’ In n) [11]. In order to increase the reliability

of the verification of the obtained model, the search space
was expanded by introducing logarithmic components,
namely, supplemented with an additive logarithmic func-
tion f,, =lnm+Inn.

This allowed us to form a set of partial representations
from the class of complex polynomial-logarithmic func-
tions, which additively includes six basis functions, their
squares, and pairwise products.

Thus, the total number of residual terms is equal to
M =27 candidate arguments. Considering the cardinality

of the set M, which is equal to M,, (N M,, (each of which

is found by its own validation subset), the set of all partial

representations is equal to 2°" —1~1.34-10° models, which
practically guarantees finding the correct structure of the
empirical formula for the complexity of the simplex
method within the given residual representation.

The choice of selected basis functions, instead of ele-
mentary arguments such as m,n, is due to the multiplica-

tive nature of the interaction of the number of constraints
and variables. Since the total complexity is derived from
the product of the number of iterations times the complexity
of one iteration of the simplex method, any correct estimate
of the complexity of the simplex method must consider this
physical logic of the algorithm.

To increase the estimation objectivity, as indicated
above, a symmetric regularity criterion was used, which re-
quires dividing the test sample into two independent parts:
a training subset 7' and a validation subset V. The algo-
rithm works according to a two-step scheme: first, the esti-
mates of the coefficients of partial representations are
found by the sample 7' and the residual sum of squares of
each partial representation is found by the sample V
(TNV isanempty set, T UV is the set of all test data, the
cardinality of the sets 7 and V' is the same); then the pro-
cedure is repeated when 7' performs the functions of the
validation subset, and V' is used to find the estimates of the

coefficients of partial representations (from which the va-
lidity of the formula M, =M, N M,, follows).

6. Identification results. As a result of using the sym-
metric regularity criterion, it was found that the above for-
mulated criterion for selecting the correct structure of the
partial representation gave the following result: from the set
of partial representations, for each of which the values of
the symmetric regularity criterion practically do not differ
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from the minimum, a partial representation with the mini-
mum number of basis functions from the partial represen-
tation is selected. Estimates of the unknown coefficients of
the selected partial representation are found for the entire
set of test data. Thus, the resulting empirical formula for the
number of arithmetic operations of the simplex method as
a function has the form:

y(m,n)~3.2705-10° +

+1.0045- £,

genera

+1.58-10% i, +1.97-107 - fi, —

—L13:107 - £2 —449-10° - £, 0 frog

poly

~1.5310° - f,,, =2.35-107* - £y, —2.38-1077 - f  +

+1'69.10_5.fB0rg.}(1 _6'17'10_12.fB0rg poly+

og

+7.10-107° - f

smooth

~251-10°- f

poly
—5.47-10_9-fpo]yfAdlcr+l.88-104-fpoly. (6)

It should be noted separately that there is a free term
(shift) in the obtained model, which is about 3.2705-10".

From the point of view of classical asymptotic analysis of
algorithms, a constant term does not affect the complexity
class with infinite growth of dimensionality. However, in
the context of applied resource estimation problems, this
parameter carries information about the fixed overhead of
the algorithm [12]. Considering this shift is critically im-
portant for accurate prediction of the number of operations
on problems of small and medium dimensionality
(m <500,n < 600), where asymptotic terms are not yet

dominant. It is for these restrictions that it is possible to use
a simplified formula:

y(m,n)=3.2705-10* +1.0045-0.63m>*°n* log " n +

+4.04m™ " 0>,

Conclusions. 1. We set the problem of finding the
correct empirical formula for the number of arithmetic op-
erations of the simplex method for LP problems given in
the canonical form of medium complexity (the number of
equations does not exceed 500, the number of variables
does not exceed 600).

2. We give a justification for a residual representa-
tion, to which belongs the structure of the sought empirical
formula for the number of arithmetic operations of the sim-
plex method belongs.

3. We chose the MGMDH as a method for finding
the empirical complexity formula. The method was adapted
for the case when the residual representation is linear with
respect to unknown coefficients and nonlinear with respect
to given basis functions.

4. As aresult of the algorithm, we found an empiri-
cal formula for the number of arithmetic operations of the
simplex method for LP problems of medium dimensional-
ity (the number of equations does not exceed 500, the num-
ber of variables does not exceed 600).

5. We provided a qualitative interpretation of the
sense of the constant included in the resulting empirical for-
mula for the number of arithmetic operations of the simplex
method.

Declaration on the use of generative Al The au-
thors did not use any generative artificial intelligence tools
in the preparation of this manuscript.
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HaBeneHno pe3ynpTaTd HOOYIOBH EMITIPUYHOI 3aJEKHOCTI KITBKOCTI apH()METHYHHX OIepaliii CTaHJAPTHOIO CHMILICKC-METOAY K (yHKUil Bix
pO3MIpHOCTI 3amayi, 3amaHoi B KaHOHIuHiM (opmi. JInst po3B’si3aHHS NMPOOJIEMH 3aCTOCOBAHO IMPHHIMII CaMOOpraHi3alii Mojeneidl Ha OCHOBI
MO (HIKOBAHOTO KOMOIHATOPHOTO AITOPUTMY METOAY IPYHOBOTO YpaxyBaHHs apryMeHTiB. Moaudikaiisi MeToy rpyloBOro ypaxyBaHHs apryMEHTIB
nossrae y GopMyBaHHI 3aJIMIIKOBOTO OIHCY, B SKOMY IPUITYCKA€ThCS MICTUTBCS IIIyKaHa eMITipH4Ha (QYHKIISA CKJIaJHOCTI Ta BUKOPHCTAHHS allrOPUTMY
HONEPEAHBOr0 PO30KUTT 6a3UCHUX (YHKILH, 3 IKNX aAUTHBHO CKJIAJAEThCS 3AIMIIKOBUI OIKC, HA BA KJIACH, 110 HE IIEPETUHAIOTHCS: KJIaC TOJIOBHUX
JTOMIHAHTHHMX KOMITOHEHT Ta KJIaC yTOYHIOKOYHX 3aJIMIIKOBUX KOMIIOHEHT, 1[0 I03BOJISE CYTTEBO CKOPOTHTH MIPOLIEAYpYy KOMOiHaTOpHOTrO repebopy. Ha
OCHOBI BiJOMHUX 3 JITEPAaTypH TEOPETHYHHX OLIHOK CKJIAAHOCTI COPMOBAHO HAJIMIIKOBHN onuc 0a3ucHuX (yHKLiH. [0 po3rsiy BKIOYEHO ISTh
(yHIaMEeHTaIbHUX MOJENel: TMOJIiHOMIaNbHy OLIHKY Bopreapara, kBampaTuuny Mexy Azepa-Meriquo, 06a30By nomiHoOMianbHy (HOpMy, MOAENIb
3ri1aJKeHoro ananizy Crinmana-TeHra Ta 3arajipHy 3MillIaHy MOJIENTb, PaHillIe 3alIPONIOHOBAaHY aBTOPAaMH. 3 METOIO PO3ILIMPEHHS IPOCTOPY MOIIYKY, 10
0azucHUX QyHKIIH Oyn0 1ogaHo JorapudMidHy KOMIOHEHTY. TakMM YHHOM, 3aJIMIIKOBHH OIVC aAUTUBHO MICTUTS IIICTh Ga3UCHUX KOMIIOHEHT Ta BCi
X KBaJpaTu Ta nonapHi 100yTku. Binbip oNTUManbHOI CTPYKTYpH 3/1IHCHEHO 32 CHMETPUYHHUM KPUTEPIEM PETYIISIPHOCTI NIIAXOM Tepedopy nonan 134
MIJBIOHIB aNbTEPHATUBHUX MOJENEHl, KiNIbKICTh SKHX OJHO3HAYHO 33a[A€THCS MOTYKHICTIO MHOXKMHH YTOYHIOIOYMX 3aJIMIIKOBHX KOMIOHEHT. Jlyist
3a0e3MeueH s KOPEKTHOTO BUKOPHUCTAHHS METO/Iy HAMEHIIMX KBa/IPaTiB JUIA CyTTEBO HEMHIHHNX perpecopis pi3HOro Macmrady (aOCOMOTHI 3HAYECHHS
SIKMX BIZIPI3HAIOTHCSA Ha 0arato MOPS/IKIB), EKCIIEPHMEHTAILHO OOIPYHTOBAHO HEOOXiTHICTH MaciiTaOyBaHHS BXIIHHMX JaHMX Ha IXHE CTaHJapTHE
BIIXUJICHHS 3 HEOOOB’ I3KOBHM 3aCTOCYBaHHSIM MPOLIEAYPH HEHTpYBaHHA. EQexTUBHICTE TaKoro miaxoay MmiATBEpKEHO Ha CHELialIbHO PO3POOICHOMY
EKCIIePHMEHTI 13 3aKJIaZICHUM i1ealbHUM PO3B’3KOM, HAsIBHICTIO BUIBHOTO WieHa (3cyBy) Ha piBHi 100000 Ta HOpMaJBEHHM IIYMOM 3 aMILTiTYRo0 1 %
BiJl CEpEeJHBOrO 3HAUYEHHS 1JIeaIbHOI perpecii Ha 3HaUeHHAX BXIJHMX 3MIHHUX €KCIEPUMEHTY. Pe3ylbTaTi iMiTalifHOro MOJEIOBaHHS Ha BHOIpI 3
13690 BuMIagKOBO 3reHEPOBAHUX 3aAay JIHIMHOrO MpPOrpaMyBaHHsS JOBOIATH Oe33alepedHy IepeBary 3MilllaHOi IMOJiHOMialbHO-JorapuMiqHOT
CTPYKTYpH y PO3LIMPEHOMY Kilaci QYHKIiH-TIPEeTeHICHTIB.

Ku11040Bi ¢J10Ba: cuMILIeKc-MeTo], CaMOOpTraHi3aLis Mozeneil, Moan(piKOBaHUI METO/] IPYIIOBOIO YpaxyBaHHS apryMEHTIB, METO/I HAHMEHILNX
KBaJIpaTiB, HAJIUIIKOBHH OIHC, KPUTEPii pery/sIpHOCTI, CTAHAAPTH3ALIIS JAHHX.
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